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EFFECTIVENESS OF SEARCH ALGORITHMS BASED 


ON THE USE OF TRIAL STEPS 
OF CONTROLLED DURATION 


Yu. B. Kobzarev, A. Ye. Basharinov 


Algorithms are considered for a search procedure in which the duration of trial steps is 
controlled. The indices characterizing the effectiveness of the controlled trial procedures 
are defined. Estimates are given of the influence of the resolving power (the manifold of 
signal forms) on the indices of controlled search procedures. 


1. The search for the required (optimal) behavior (setting) plays an important role in 
automatic-measurement, servomechanisms, in self-adaptive systems, and also in automatic 
radio detection devices [1, 7, 8]. 

Simultaneous sampling of all possible behaviors (settings) leads as a rule to excessively 
cumbersome devices, and consequently the search process is subdivided into trial steps. 

The effectiveness of a search procedure is estimated by means of indices that represent 
the operating reliability of the performance, as well as by a quantity that characterizes the 
"efforts" expended. 

The efforts expended in search can be characterized by the time necessary to survey the 
specified range, the amount of energy consumed, etc. 

Noise can cause the search operation to terminate in an untrue solution; the reliability 
of the operation may, for example, be estimated in terms of the values of the probabilities 
of the true and untrue solutions. 

At the present time, little has been done towards synthesis of optimal search systems in 
the sense of minimizing the expended efforts at Specified reliability indices, or in the sense 
of realizing the best indices for a fixed expended effort (see [1, 2, 8]). 

It is obvious that a search method in which identical trial steps are used can in general 
deviate considerably from the optimal procedure, in view of the nonuniformity of the a priori 
distributions, the difference between the weights of the true and untrue solutions, etc. 

Along with investigating general methods for the synthesis of optimal search systems, it 
is expedient to consider the feasibility of particular methods that increase the effectiveness of 
search procedures; such methods include the several variants, considered below, of the me- 
thod of trial steps of controlled duration. 

2. The duration of trial steps in a system admitting of a finite number of discrete modes 
can be controlled in various manners. 

We shall consider three methods of controlling the duration of steps, connected with a 
sequential search procedure: a) use of statistical sequential analysis; b) use of grouped 
sequential procedures; c) selection of elements for subsequent repeated analysis. 

In the first method, the data obtained in each trial step (element) are used to form a 
running likelihood coefficient. The values of the likelihood coefficient obtained in successive 
intervals of temporal quantization are compared with the thresholds, and when the upper or 
lower thresholds are reached the next trial step is made. 

The second method differs in that the foregoing values of the likelihood coefficient and 
comparison with thresholds are carried out not at each quantization interval, but directly 
over the data of a given group of intervals. After comparing with the thresholds, a change 
is made to a new element or the termination of the given step is delayed by the time of the 
next group. 

The third method of element selection is based on breaking up the given search time 
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into stages. In the first stage all the elements are analyzed, and then some of the elements 
are sifted out; in the second stage the sampling is only with respect to the remaining ele- 


ments, etc. 
It is easy to see that the method of trial steps in which the 


duration is controlled with the aid of a sequential-analysis 
algorithm realizes the optimal procedure in a discrete system. 
In fact, for a discrete system, the minimum expenditure 
of time (energy) necessitated by the survey of the aggregate of 
the elements is attained when the expenditures for the analysis 
of the individual elements is a minimum. However, according 


Fig. 1. Functional diagram 


eee ae page 2 i, to the Wald-Wolfowitz theorem [5], for fixed reliability indices, 
ane Z ee the minimum duration for the element sounding procedure is 
bigek: a ee Oe nat) attained when the data are processed by the method of likeli- 

: hood coefficient with two-threshold selection. 


unit; 5 — tunable hetero- 


anne Thus, a procedure employing trial steps of controlled 


duration, based on a sequential-analysis algorithm, is optimal 
in the aforementioned sense. 

A feature of a search procedure with trial steps of controlled duration is the random 
character of the expenditure of efforts for the performance of the entire search operation. 

An analysis of the method of trial steps of controlled duration has as its purpose a clari- 
fication of the dependence of the mean expenditure of efforts on the number of possible solu- 
tions (form of the signal), and also a determination of the statistical indices, connected with 
the random character of the expenditures (for example, the dispersion of the search time or 
of the energy expended). 

3. The principles of construction of a search scheme with trial steps of controlled dura- 
tion can be illustrated by using as an example a system for discrete automatic tuning of a 
receiver. 

The functional diagram of such a system consists of a tunable selective element, a two: 
threshold analyzer, and an actuating device (see Fig. 1). 

During the time of the trial step, the setting of the selective element is maintained con- 
stant until the comparison procedure is terminated; the actuating unit is then commanded to 
retune the selective element to a new position (or to change over from the search mode to the 
follow-up mode). 

The following relations characterize the effectiveness, in the sense of reducing the 
search time of a procedure with trial steps of controlled duration. 

The average time required to review n elements in the absence of a signal is 


Ts¢ = nix (D, F). (1) 
In the presence of a signal, in one of the elements, the time is 
Ts. sr= (n — 1) Atge+ Ag. g(D, F), (2) 
where D is the required signal-detection probability and F is the permissible probability of 
false operation. i 
In the case of a search with a large number of elements We af Tst), the effectiveness 


of the search will be characterized by the quantity 


To Ato (3) 


where Atg is the duration of the trial step in the case of uniform sounding. 
Owing to the reduced duration of the sounding, we can, as follows from [4], use the 
following estimate in the case of a two-threshold sequential procedure with F ~1-D: 


ASM ee as 
n, ~4 for F = (1 —D) —0. 


When F <« (1-D), as follows from [3}, 
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= In F (4) 
"rt ~in(@@—D)° 
The influence of randomness of the review time on the character of the process of the 
controlled search can be estimated from the magnitude of the standard deviation of the review 
time from its mean value. 
By virtue of the independence of the duration of the procedure of sounding the individual 


elements, the relative magnitudes of the standard deviation of the survey time are determined 
from the relation 


At: 
T Va ai’ (5) 


where o,; is the standard deviation of the duration of sounding in the sequential procedure 
(see [3] and [6]; inasmuch as cat < 3At in the ranges of practical interest, we have 
oy <0.3T when n > 100. 

When trial steps of controlled duration are used, the search time can be reduced through 
economy in power expenditure (for example, through reduction in threshold-signal intensity). 

The redistribution of the duration of the trial steps over the signal on and off intervals 
makes it possible to increase the duration of the sounding of an element containing a signal, 
while retaining the total search time constant. 

Let us give the relations for the average duration of the trial steps for a constant total 
search time. 

Solving the equation with respect to ate. st We get 


(n — 1) Atgy + Ab, sp== nAto, (6) 
AL st E Abst 


[é = £(D, F) is the coefficient of asymmetry of the sequential procedure], we obtain 


cesta En 2 (7) 
Bly (w—1)+8’ 


we denote 


— S 8 
ie Me (8) 


At. . a+ is the average duration of the trial step in the presence of a signal with threshold 
intensity corresponding to the intensity for uniform trial steps. The quantity € = Ato/Ats. st 
is greater than 1[€ ~1/D when F « (1-D]). Using (7) and (8), we obtain a relation charac- 
terizing the gain in time required to sound an element containing a signal. 


At, st (9) 
Macc for, iA. 


Let us estimate the reduction in the intensity of the threshold signals in the case of con- 
trolled search; this reduction is the result of redistribution of the average durations of the 
trial steps in the case of coherent and incoherent reception. 

In the case of coherent accumulation, i.e., in the case of optimum utilization of the 
signal energy, it follows from the relations cited in [6] that 


2[pin > +0—D)Ing—F | 


g = 
coh Ale st 


(10) 
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Fig. 2. Functional diagram of apparatus with controlled 
sounding mode. 


1 — Transmitting and receiving devices; 2 — multi- 
channel accumulator; 3 — logical decision element; 
4 — command block; 5 — beam position control ele- 
ment; 6 — marker. 


where q2 ahha 3/No is the ratio of the energy obtained in single sampling to the spectral 
density of he noise Ng. From (9) and (10) we obtain 


% 


In incoherent accumulation of weak signals we have by virtue of the losses due to suppression 
of the signal, as follows from [6], 


1—D 
; 2| Din +(1—D)ng—F | (12) 
Tine Al : 
S.St 
: (13) 
N= V n,- 


Recognizing that when F « D we have 


D 1—D D 
Pilar A= Bin ieee Din= 


F ~~ 
D 1—D ~ In(t—D)’ 
Fin rata has 1) ieee 


(14) 


we obtain estimates for the energy efficiency of the search procedure in the case of asymmet- 
rical equivalent values of erroneous solutions, in the form 


In F In F 
ind) > "2 Sided) (15) 


The asymptotic values of the upper and lower estimates in the symmetrical case, when 
(1-D) = F + 0, have according to (3), (11), and (13) the following form 


2S 19 < 4. 


4, An important example of the application of the method of trial steps of controlled dura- 
tion is the radar survey scheme [8]. 

The antenna beam executes intermittent soundings, in which the exposure in each direc- 
tion is controlled by a two-threshold system (Fig. 2). 

After deciding to shift the beam to a new direction, the accumulating device is cleared 
and the process is repeated with the new beam position. 

A feature of the controllable search mode is in this case the presence of resolution in the 
coordinates and the parameters in each trial step; this is equivalent to a variety of forms of 
received echo signal, and is connected with the fact that the receiver contains many channels. 

Let us examine the relations characterizing the efficiency of the controlled survey in this 
case. 

Let the total survey zone consist of elementary sectors. The average time of survey of 
the zone in the absence of a signal is 


Tot = nAtgy(™)- 
In the presence of s reflectors, the average survey time is 
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F, st(s) = (n —s) Atgy+ >) Abi (16) 


ix} 
When s « n we have Tg. <;(s) ~ Tt, so that in the case of a sufficiently large number of ele- 
ments in the survey zone the total average survey time is determined by the time required to 
survey the "empty" directions. 
The economy in sounding time, compared with the method of uniform uncontrolled survey 
with equivalent reliability indices, is determined by the relations (9). 
Let us rewrite (9) for a m-channel system in the form 


Ne (m) = 11 (arm (17) 


where 


_ vim), _ Abs (my 
@(m) = ™ (m)' oe J tse (4) ae ey 


__ A to (m) 
~ A lo (1) 


The average duration of the sequential procedure in a multichannel case has, according to 
{9], a linearly logarithmic dependence on the number of channels m:* 


Atst (m) = At, (4) 4 + & ln ml. (18) 


The dependence of the intensity of the threshold signals on the number of channels was 
considered, for the single-threshold procedure, in several papers (see, for example, [10]). 
According to [10] 


gdm) = @ (1) (=F “xy Inn); (19) 


Cc 


where y depends on the form of the signal (for example, in the case of a Rayleigh signal we 


4 
have y= +) ‘ 
In aye In D ; 
é 
In coherent accumulation, the coefficient « (m) = deon(™)/a2 eon (1); in incoherent accu- 
mulation we have x (m) ~[qinc(m)/q2/inc(1)]*, where 1<x<2. The energy efficiency of 


the method of trial steps of controlled duration can be estimated with the aid of (12) and (13).** 
By way of example, Table 1 lists the 


calculated values of estimates of the co- Table 1 
efficients 1qQ for a false-alarm probability 
R= 10-6, Coherent Mode Incoherent Mode 

5. To simplify the search procedure, 3 as | ae ene | aN, 
we can use a method wherein the duration 
of the trial step is controlled by means of 1 19.8 8 4 2.46 
data obtained at the ends of fixed intervals 40 7.2 3 2.95 4.9 

= es i = 400 4.95 22 2.67 1.76 

(grouping intervals). The number of inde {000 4.05 1.86 2.56 4.72 


pendent data in the grouping interval is 
obviously equal to the ratio Agy/At, where 
4 is the interval of the temporal quantization. 


*The method of statistical experiment (see [9]) yields for the coefficient k the estimates 
k ~ 1 when D<0.5 and0.5<k<1whenD>0O.5. 
*kEgtimates of the efficiency of controlled survey by means of relations (9), (17), and (18) 
are in sufficiently good agreement with the data given in [8]. 
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The use of the grouping method leads to a discrete variation in the duration of the trial 
step by an amount which is a multiple of the grouping interval. 

In the grouped procedure method, the average duration of the trial steps can be shown 
not to exceed the average duration of the trial step attained in sequential analysis of the data, 
in the worst case, by more than twice the grouping interval [5]. 

The following estimate can be employed with a high degree of probability 


At gr < At + Agr. (20) 


Using (20), we obtain the condition for the choice of the grouping interval 
Agr < (0,2 — 0,3) Atgy (21) 


If condition (21) is satisfied, we can neglect the ''losses'' connected with the use of the 
grouped procedure. : 

When the duration of the trial steps is controlled by means of the grouped data, the 
search procedure can be represented in the form of an equivalent multistage process: 

a) at the first stage all the elements are sounded with a trial-step duration equal to the group- 
ing interval, and two-threshold comparison is used to select the elements for the:repeated 
sounding; b) at the second and succeeding stages, the sounding process with duration Agy is 
repeated on those elements on which no solution was obtained in the preceding stage; c) single- 
threshold comparison is carried out in the concluding stage. 

Using grouping intervals equal to the temporal quantization intervals, we obtain a multi- 
stage search process which is equivalent to a process with continuous control of the trial-step 
duration. 

This premise can be formulated as a statement that multistage search processes are 
energetically equivalent to a search with continuous control of the duration of the trial steps. 

6. One of the variants of multistage construction of a search procedure is a method 
based on single-threshold selection. 

The algorithm for the multistage procedure can be represented in the following fashion: 
a) at the first stage the results of the uniform sounding are used to pick out elements in 
which the output voltage exceeds the threshold Aj; b) only the selected elements (i.e., ele- 
ments in which uj > Aj) are sounded in the second stage, and from these elements are picked 
in which the voltage exceeds the threshold Ag, etc. The number of sounding stages, k, is 
fixed beforehand. 

The reliability of the search procedure is characterized by the following indices: 

D — probability of correct detection of the signal 


DEAD. (22) 


F — probability of false alarm 


k 
Pee N JO. (23) 


By virtue of the random nature of the number of elements selected in each stage, the energy 
expenditure for each individual operation is a random quantity 


Qe = ¥) 4Q: (Di, Fi), (24) 


(=1 


where /; is the number of elements sounded at the i-th state (the number 7; has a binomial 
distribution); Q;(Dj, Fj) is the threshold ratio of the signal energy to the spectral density of 
the noise. 


The average energy expenditures in the absence of a signal are determined by the 
relation 
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: ee 
(Raa! | @ + FiQo+ FiF2Qo +... +7, Ki On. (25) 
i=1 


For a fixed number of stages, the choice of threshold values and the distribution of 
energies over the stages can be determined from the condition that the average energy expen- 
ditures necessary to ensure some specified reliability indices be a minimum. 

The reduction in the energy expenditure, compared with the case of uniform single-stage 


survey, can be estimated in terms of the coefficient 7 Or Qi(D, F) /Q(D, F), where Q1(D, F) 
is the energy expended in uniform search. 

Let us consider examples of selection of an optimal distribution of expenditures in the 
case of a two-stage search procedure. The problem of choosing the optimal distribution 
reduces in this case to finding a conditional extremum of (25) with respect to the variables 
Dj and Bie 

a) Search of a signal of fully known form, expected in one among / possible positions. 
The expected signal is a sinusoidal oscillation with known amplitude. 

The energy expenditure, expressed in terms of the threshold ratio of the signal energy 
to the spectral density of the noise, can according to (25) be represented in the form 


Q2(D, F) = UU (An, + An)? + Fi (Ap, + Ae)? (26) 
where Aq is the quantile of the normally distributed quantity 


fee) 


eae (27) 
r 


Ta ’ 


i 


« 


D == D,Ds; Jia dnd divs 
The optimum values of the parameters Dj and Fy are determined from the equations 
ore (28) 


Eq. (28) was solved graphically with account of (27). Table 2 lists the values of the coefficient 
nQ, estimating the gain above the single-stage pace search with optimal choice of the 
parameters Dj and Pye Table 2 


b) Search of fluctuating signals with naan distribu- 5 
tion of intensity, expected in one among / possible positions, . : 
with m-channel reception in each position. The relative 10-4 | 10-8 | 10-8 
intensity of the threshold signals can in this case, as shown — 
in [10], be represented with good accuracy, under optimal 5 38 | hh 6.36 
processing, by the following relation 0.9 2.46 | 3.58 4.13 

InF{—Inm 
Q=! a Di =. (29) 


Eq. (26) for the energy expenditure assumes, with account of (27) and (29), the following 
form 


ad! 
I 


\ finan | 
In =| — lnm 
mri) in? ei (30) 


The equations for the choice of optimal values of Dj and Fy can be obtained by using (28) and 


(30). 
The numerical values of the coefficient nq, corresponding to optimal values of Dj and 
F,, are listed in Table 3. 
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A comparison of the data listed in 


Table 3 ___—Ci«STasblles 2 and 3 shows that the two-stage 
Fi search mode is more efficient (compared 

Roae: leans 10-8 with the uniform mode) in the case when 
ge - signals of regular intensity are observed, 

m=t | m=t m=1 | m=i0 | boreal | m=1000 rather than in the case of fluctuating 
| signals. 

0.5 | 2.05] 2.54 3.2) 2.45 aa | et An increase in the resolving power, 

Grea ale 1 Tere en “se eas a as in the case of two-threshold control of 


the duration of the trial steps (see Table 1), smooths out the differences in the indices of the 
uniform and controlled search modes. 


CONCLUSION 


We have shown that controlled search can ensure a reduction in the expenditures entailed 


in signal detection. In particular, controlled directional search makes it possible to reduce 
the average radiated power for a specified total survey time. 


The manifold possible signal forms (brought about by the resolution in delay time and by 


the Doppler shift, or by fluctuations in the signal intensity) reduces the gain due to the appli- 
cation of controlled search. 


10) 
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RADIO ASTRONOMIC OBSERVATIONS 
OF SOVIET SPACE ROCKETS 


V.V. Vitkevich, A.D. Kuz'min, L.I. Matveyenko, 
R.L. Sorochenko, and V.A. Udal'tsev 


We describe the use of a radio interference method for the reception of radio signals 
from the first three Soviet space rockets. The fundamental equations of the radio interference 
method of observation are derived. The apparatus and the procedure used for aligning the 
radio interferometer against discrete radio emission sources are described. The time and 
the coordinates of the landing of a container with scientific apparatus from the second Soviet 
space rocket on the moon are determined. 


INTRODUCTION 


One of the problems involved in the study of outer space with the aid of rockets is the de- 
termination of the angular coordinates of a space rocket, i.e., its position on the celestial 
sphere. Usually the space rocket (in the container with scientific apparatus) carries a radio 
transmitter, so that these measurements can be carried out by radio methods. The problem 
of determining the coordinates of a radiating source in outer space has an analogy in radio 
astronomy, where the angular coordinates of discrete radio emission sources are determined 
by using for this purpose the radio-interference method [1], which has good accuracy. 

We have used the same method to observe the Soviet space rockets, and were thus also 
able to determine, with a good degree of accuracy, the intensity flux of radio emission from 
transmitters mounted on space rockets. 


1. FUNDAMENTAL EQUATIONS OF THE RADIO INTERFERENCE 
METHOD OF ©BSERVATION 


The ordinary radio interferometer used in radio astronomy consists of two separated 
antennas, the signals from which are added, amplified, and recorded. If is the angle be- 
tween the direction to the signal source and the normal to the interferometer base, wis the 
angular frequency of the incoming signal, D the interferometer base (distance between 
antennas), and /,, /9 the electric lengths of the cables from each antenna to the place where 
the signals are added, then the voltage at the receiver input, for identical antennas, is deter- 
mined, apart from a constant factor, by the following expression 


Uin = COS (wt + tp — kl,) ++ cos (wt + p — kl, —kDsin B), (1) 
where ») is the initial phase of the incident wave, and k = 2n/A; and d is the wavelength in 


free space. ' 
The voltage at the receiver output, in the case of square-law detection, is proportional to 


pees ft ead fora By 2n eS (2) 


The angular width of one lobe of the interference pattern, Af, defined as the distance between 
two neighboring zeroes, is given for the case of small £ by the relation 


INC (3) 


D cos B 


When £ ~ 0 and D= 100A we have, for example AB = 34.4", 

The expression (2) contains the difference in length of the electric cables, /,-12. This 
difference determines the initial phase of the interference pattern. If the antennas have dif- 
ferent phase characteristics, the interference pattern can also shift, a fact accounted for by 
introducing corresponding corrections to 1, andl 9. Having the interference pattern, i.e., 
the dependence of upyt on the time, and knowing the values of D, A, and 12 - 14, we can de- 
termine the angle from expression (2). This angle, however, is not determined uniquely and 
is accurate only to within the width of one lobe of the interference pattern. This angle is 
easiest to determine at instants corresponding to the maxima of the interference pattern. 
The quantity Bmax is determined in terms of the number n of the lobe and the interferometer 
parameters by the following relation: 


sin Bmax= + (n— 0). (4) 


where 7 is a parameter that depends on the difference in electric distances from each antenna 
to the place where the signals are added [see Eq. (11), below]. When the electric lengths are 
equal we have 7 = 0. 

The azimuth of the source A is connected with the angle £ by the relation 


sinB = sinycosz-+ cosy sinzsin (A —0), (5) 
where z is the zenith angle of the source, y the angle between the horizontal plane and the 


projection of the base on the vertical plane passing through the east-west line, and g the angle 
between the east-west line and the projection of the base on the horizontal plane. Then 


A=6-+ arc sin | n) ter otg 2] : (6) 


1 de. br 
cus ¥ sinz D 


2. APPARATUS 


Basic principles. We have used a specially developed radio interferometer with phase 
modulation. To separate the signal-amplitude variations due to changes in the position of the 
source relative to the interference-pattern lobe from the change in the intensity of the source 
itself, we used the principle of phase-shifted two-channel reception [2]. When the signal re- 
ceived has a continuous spectrum, the fluctuation sensitivity, in antenna temperature units 
(Tg), is given by the well known relation * 


tt car. 
SEs eglisegl ee (7) 


where aj is a dimensionless factor that depends on the characteristics of the receiver (in 
general, with error not greater than a factor of 2, we have aj = 1); To is the standard tem- 
perature of the ambient; Fe,q = (Tg + Tj)/To is the equivalent noise coefficient; Tj is the 
reduced noise temperature at the receiver input, due to the intrinsic noise, Tj = To(Frec-1); 
Free — noise factor of the receiver; Tg — antenna temperature**; +— accumulation time of 
output apparatus; Af — bandwidth of the receiver up to the detector. 

If the signal received is monochromatic or sufficiently narrowband (compared with the 
bandwidth of the receiver), it can be shown that the fluctuation sensitivity is determined 


*Expression (7) is taken from [3]. For the case of interest to us we have assumed T=Ta, 
AQ >» AQ,, o2=0 and AQy = 1/27. 

**In the meter band, the receiver input noise can be due to a large extent to galactic radi- 
ation [4]. Thus, at 200 Mc the brightness temperature in the direction towards the center of 
the galaxy is about 1500°K. This means that the noise temperature in the case of observations 


near the center of the galaxy can be increased by this amount, with corresponding reduction 
in sensitivity. 
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(in power units at the receiver input) by the following relation 


oP = ask eq ae (8) 


where k is Boltzmann's constant and ag is a coefficient close to unity. It is seen from the 
foregoing equations that to improve the fluctuation sensitivity to a signal with continuous 
spectrum it is more convenient to operate with a greater bandwidth, whereas a narrow band 
is more suitable for monochromatic signal. In our observations we alternately received both 
types of signals. For this reason, both requirements were taken into account in choosing the 
parameters for the receiver. 


7*1846 Mc ? 26,95 Mc #2100 kc F=72,Cps 
4f-10kc , 4f=2,10kc 


Fig. 1. Block diagram of interferometer 


HFA—High frequency amplifier; Mix—Mixer; IFP—IF Preamplifier; 

IFA—IF Amplifier; D—Detector; LFA—Low frequency amplifier; 

AR—Automatic recorder; SD—Synchronous detector; G—Generator; 

Mul—Multiplier; MFG—Modulating frequency generator; PS—Phase 
shifter; Chr—Chronometer. 


Block diagram of radio interferometer. The observations were carried out at 183.6 Mc, 
corresponding to the frequency of the transmitter mounted in the capsule with scientific appa- 
ratus. A block diagram of the radio interferometer is shown in Fig. 1. The interferometer 
antennas were two truncated parabolic reflectors measuring 8 x 18 and 11 x 22 meters 
(Fig. 2), spaced 176 meters apart in the east-west direction. The focal distance of the two 
antennas was 8 meters. One of the antennas was controlled by a program device which auto- 
matically tracked the sources with constant direct ascension a and declination §. The second 
antenna moved in synchronism with the first. This mode was used to align the radio inter- 
ferometer against the discrete sources. In observations of space rockets, the antenna track- 
ing was semi-automatic in accordance with a prescribed program. 

Specially developed radiating systems* were located in the foci of the paraboloids and 
ensured optimum irradiation of the mirrors in two mutually perpendicular linear polariza- 
tions. The radiating system for the horizontal polarization was a three-stack in-phase 
antenna with one element per stack and with untuned counter reflector. The radiating system 
for the vertical polarization was in the form of an inphase two-stack antenna with two ele- 
ments per stack. A sketch of the radiating system is shown in Fig. 3. The main element of 
the system is the half-wave dipole. The distance between dipoles was determined by calcula- 
tion and trimmed using a breadboard, for the 10-cm wavelength. The breadboard was also 
used to measure the mutual decoupling of the radiating systems of the different polarizations; 
this decoupling was not less than 30 db. 

The three dipoles of the horizontal-polarization radiator were connected by means of 
equal segments of RK-20 cable to the common supply feeder. The two outside dipoles were 
made symmetrical with the aid of a quarter-wave short-circuited stub of two-conductor line, 


*Yu. P. Ilyasov participated in the development of the radiating system. 
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which simultaneously served as a quarter-wave mounting insulator. The central dipole, 
which was folded, was made symmetrical with the aid of a U-bend. Matching with the com- 
mon line was with the aid of aloop. The traveling wave coefficient of the radiating system 
was 0.75 -- 0.8. 


Fig. 2.Over-all view of one of the interferometer antennas 


The directivity patterns and utilization coefficients of the antenna surfaces were meas- 
ured against the radio emission from the sun. The surface utilization coefficient was about 
0.5 for each antenna. 

Phase modulation at a frequency of 72 cps was effected by reversing the phase of the 
signal through periodic variation of the electric length of the cable between the heterodyne 
and one of the mixers. This caused "rocking" of the interference pattern of the radio recep- 
tion, and the received signal was thus amplitude modulated at this frequency. This modula- 
tion system ensures good interference immunity. 

The phase modulator employed the customary hybrid switch 
circuit. The switching elements used were beam diodes 6D3D, 
controlled by sinusoidal modulating voltage. The use of these 
diodes kept the power attenuation of the heterodyne below 2 db. 

By adjusting the slope of the diode characteristic by changing the 
filament voltage, and also by connecting the modulator in the 
2 heterodyne circuit, it was possible to reduce greatly the parasitic 
amplitude modulation, compared with previously employed 
schemes [5]. When the modulated voltage amplitude is sufficiently 
large, the phase modulation of the heterodyne voltage is close to 
rectangular. This modulator permits converting the phase- 
modulated radiometer into an amplitude-modulated radiometer, by 
turning off the control voltage applied to one of the diodes. Ampli- 
tude modulation was used in the alignment of the individual antennas 
Fig. 3. Sketch of radi- _ of the interferometer. 
ating system. Preamplification of the signal was in the UHF blocks mounted 
directly on the antennas. The noise factor of the UHF blocks was 5. 
Amplified signals from each antenna were converted, passed through buffer stages, and 
summed at the first IF (6.95 Mc), after which they are split among two channels shifted 90° 
apart. 

As indicated above [see Eq. (8)], for a monochromatic signal one obtains better fluctua- 
tion sensitivity if a narrow bandwidth is used. In this connection, double frequency conver- 
sion and crystal stabilization of the two local heterodynes is employed in the apparatus. The 
first heterodyne, whose frequency (190.554 Mc) is close to the received-signal frequency, is 
most important for theover-allfrequency stability of the setting of the apparatus. Its fre- 
quency is set by a thermostatically controlled crystal heterodyne, whose frequency (9.074 
Mc) is subsequently multiplied 21 times. The first heterodyne has a relative instability of 
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peer ich dictated the choice of a two kc bandwidth for operation with a monochromatic 
signal. 

To ensure reception when the frequency of the received signal is changed by the Doppler 
effect, provision is made in the apparatus for a fixed stepwise retuning of the receiver fre- 

_ quency within limits of 8 kc. For this purpose, the second heterodyne contains five crystal 
controlled master resonators, spaced 2 ke apart in frequency. In addition, the first hetero- 
dyne can be continuously tuned within the limits + 3.2 ke. 

When a continuous-spectrum signal is received, as during the calibration and alignment 
of the apparatus against the discrete radio-emission sources, it is desirable to have a 
greater bandwidth [7]. For this purpose, provision is made in the receiver for the possi- 
bility of fixed switching of the band of the second IF amplifier from 2 to 10 ke, retaining the 
same tuned frequency and gain. The signal separated by the synchronous detector is accumu- 
lated on the output RC filter. The accumulation time 7 is limited by the period of the inter- 
ference record. If tT is commensurate with the period of the interference, the interference 
record becomes distorted (the amplitude is decreased and the maxima and minima are 
shifted). In our case the accumulation time was chosen to be 26 sec, so as to ensure the 
necessary fluctuation sensitivity without causing any practical changes in the amplitude of 
the interference record. 

Our measurements have shown that the chosen accumulation value also ensures registra- 
tion of periodic measurements of signals from the space rocket as the orientation of the latter 
is varied. To ensure stable operation of the apparatus (to ensure a constant gain and constant 
phase characteristics) and to attain high sensitivity, the filament and plate supplies of all the 
operating tubes of the receiver were fed from stabilized sources with a stabilization coeffi- 
cient of the order of 1,000. The signal was registered with electronic type EPP-09 automatic 
recorders. An exact time scale in the form of minute markers was produced on the chart 
simultaneously with the signal. © 

Estimates of experimental sensitivity and accuracy of angle measurements. The experi- 
mental sensitivity of the receiver is listed in Table 1 as a function of the bandwidth. The 
experimentally obtained sensitivity is approximately half that calculated by formulas (7) and 
(8), this being due to various parasitic influences in the apparatus, which are not analyzed in 
the present paper. 

The sensitivity of the interferometer with respect to the energy flux density is determined 
by the relations 


where Aef¢ = 190 m? is the effective area of the antennas*; py, is the energy flux density of the 
monochromatic signal; p is the energy flux density of the continuous spectrum (per unit fre- 
quency interval). 

The values of the minimum observed energy fluxes are indicated in Table 2. 

It is very important to determine the apparatus phase errors of various elements of the 
interferometer, since these errors determine the accuracy of the angle measurements. After 
differentiating Eq. (6) and after several transformations we obtain a general expression for 
the over-all error 


dA =dA,+ dA, + dA; + dAy, (9) 
where 


/ A Tea Siky GN 


dAp=(igear es Dp) ik (9a) 


*In the case of two different interferometer antennas and in the case of square-law detec- 
tion, both antennas are equivalent to a single antenna_whose area is equal to twice the average 
geometric area of the individual antennas, Egg = 2 VAjAg. In our case, where the surface 
utilization coefficient is 0.5 and the geometric areas of the antennas are 144 and 240 square 
meters, the effective area is 190 square meters. 
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Table 1 is the error due to the frequency instability 

: of the received signal when the cables to 
EEN CU the first and second antennas are of unequal 
KE electrical length: 


With continuous spec- 1 d (ly — ly) 


trum, L, deg: fae sinzcos A D (9b) 
Monochromatic, 
6 P, watt is the error due to instability of the electric 


lengths of the cables; 


1 n d (My —_ Qe) 
dA; = sinzcosA D Pare (9c) 


Signal 
is the error due to instability of the phase 
characteristics of the apparatus; and 


Monochromatic, 
4 n dA 
Pas W/m"; 1 pn Meal tok Pgh od 
With continuous spec- sinzcosA 2D 2, (9d) 


trum w/m4-cps 


is the error due to instability of the phase 
modulator. Quantitative estimates of these errors show that in the presence of a crystal- 
controlled heterodyne, a high frequency buried in a trench, broadband high-frequency channel 
up to the point where the signals are added, and a stable modulator, the summary error does 
not exceed 1 or 2 minutes of angle. 

The sensitivity obtained enables us to register a signal from a space rocket as far away 
as the moon, using a transmiter power of 0.03 w, and to make angle measurements accurate 
to 1-2'. Such apparatus parameters have been confirmed by reception of radio emission 
from the discrete source in the Hydra constellation (Fig. 4) the intensity of which is 
2.5-10-24w-2 cps-1 [6], and a large cycle of alignment records obtained during the working 


process. 
ee LOS Os eee ee ee 


Fig. 4. Sample of recording of radio emission from 
the discrete source A-Hydrae 


3. ALIGNMENT OF THE INTERFEROMETER 


In carrying out the alignment,* adistinctionmustbe made between the parameters that 
remain constant and those that vary in time. Among the constant parameters are y, 9, and 
D, which are determined by the fixed geometry of antenna location. These parameters need 
be determined only once and can be used in all further observations. The parameters 
1 = 9/27, determined by the electric lengths of the cables and by the phase characteristics 
of the input stages of the receiver, may vary in time and should therefore be determined 
before each observation. 

The values of D, y, and 9 were determined by a geodetic survey which yielded the follow- 
ing results: D = 175.896 m; y= 2°44'; g = -14'. Substituting these values of D, y, and 9, and 
A= c/183.6 x 106 into (6) we obtain 


sin z 


A = 179°46’ + arc sin ee (n—n) — 0,047669 ctg z| ; (10) 


To determine the parameter 7 it is necessary to align the directivity diagrams of the 
radio interferometer against a radio-emitting source located in the far zone of the interference 


*V.M. Gorelova participated in the development of the alignment procedure. 


1266 


antenna system, moving in space with an angular velocity close to the angular velocity of the 
space rocket; the coordinate of the source at each given instant can be determined with high 
degree of accuracy. We used as a source the discrete sources of radio emission A-Cassio- 
peiae, A-Cygni, A-Tauri, and A-Virginis, for which the equatorial coordinates (epoch 1959.5) 
and radio emission fluxes were assumed as listed in Table 3. 


Table 3 


Radioemission 
Source 


(1959.5) | 5(1959.5) le, w/m2s cps 


A-Cassiopeiae ashgimggs | 458°35° | 120.10-% 


A-Cygni 1ghsgMo5s | +40°36',5 | 70-10-% 
A-Tauri shgoMogs | +21°59’ 18-10-%4 
A-Virginis rahogma7s | 442°34" 9-40-24 


The parameter 7 was defined as the difference between the calculated time of passage of 
the source through the maximum of the interference diagram (t¢ajc) and the true time t , tpye- 
referred to the period T of the interference lobe: 


£,— ta true 


SF (11) 


Owing to the finite time constant of the output apparatus, the time of passage of the 
source through the maximum of the interference pattern, ta trye, does not coincide with the 
time ta corresponding to the maximum declination of the registering instrument. The prob- 
lem of determining the displacement t, - ty, trye can be reduced to a determination of the 
phase shift of a sinusoidal voltage of frequency Q = 27D sin B/A, passing through an inte- 
grating network with a time constant r= RC. It is easily shown that the phase shift is in this 
case 


tp = arctg (QRC). 


Expanding tan-! ( QRC) in a series and retaining the first two terms, we obtain 


At=t, — tatrues7 [1— = (=) | ° (12) 


This time correction must be introduced even when the time constant of the source obser- 
vation is the same as the alignment time constant, for in general the observation and align- 
ment are carried out at different elevation angles of the radiation source. Consequently, the 
interference period Tobtained during alignment is different from that obtained during the 
observations, and this in turn brings about a different time shift At. A sample of the align- 
ment record made on 13 September 1959 with the aid of the cosmic source A-Cygni is shown 
in Fig. 5. 


4, MEASUREMENT RESULTS 


The procedure described was used for observations of the first, second, and third Soviet 
space rockets (launched on 2 January, 12 September, and 4 October 1959, respectively). 
During the time of the observations, the angle coordinates* of the containers with the scien- 
tific apparatus were measured, as were the intensities of the received signal and the character 
of its variation. Up to now we have determined the parameters of the encounter of the con- 
tainer of the second Soviet space rocket with the moon. 


*The antenna tracking and the determination of the number of the interference-pattern 
lobe n, were carried out on the basis of target indications obtained from the coordination- 


computing center. 
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Fig. 5 


Fig. 5. Sample of alignment record made 
on 13 September 1959, using the A-Cygni 
discrete radio emission source. 
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Fig. 6. Record of signal on the portion 

where the second Soviet space rocket en- 

countered the moon's surface. The instant 

of cessation of the signal is denoted by the 
letter A. 


Reliable reception of the signal during the approach to the moon, up to the instant of en- 
counter, made it possible to determine reliably the time of encounter of the rocket with the 
moon's surface. A copy of the interference pattern of the signal, obtained on a finite portion 
of the trajectory in one of the receiving channels, is shown in Fig. 6. At the instant when the 
signal ceased, the sinusoidal character of the record, due to the interference, was replaced 
by an exponential decay, due to the cessation of the signal and the presence of a time constant. 
This transition is quite clearly seen (point A on Fig. 6), and determines the time of cessation 
of the signal as being zero hours 0.2 minutes 22 sec + 1 sec (14 September 1959) . 

Taking into account the time of propagation of the signal from the moon to the earth, 
which amounts to 1.2 sec, this indicates that the encounter between the container and the 
moon surface occurred at zero hours 0.2 minutes 21 sec + 1 sec. 

The time of cessation of the signal (0 hours 2 minutes 22 sec) corresponds to a lobe num- 


ber n= 53.43. For this value of n, the curve A(z, n) as calculated by formula (10) crosses the 
visible disk of the moon. 


1268 


On recalculating to selenographic coordi- 
nates and taking into account the measurement 
error (which is + 1' when several readings are 
averaged), this line is transformed into the 
region shown shaded in Fig. 7. 

Taking into account the data obtained by 
the automatized measuring set of apparatus for 


radio control of the orbit [7], it can be assumed 


that the region where the container with the 
scientific apparatus landed on the moon is the 
one shown cross hatched in Fig. 7. 
ographic coordinates of the center of this 
region are as follows: latitude +30°, longitude 
-3° (Archimedes crater). 

The same figure shows the results of 
measurements obtained by optical and radio 
astronomic methods by other authors [8-11]. 

The intensity of the received signal was 
determined by comparison with the well known 
radiation from the discrete source A-Cygni. 
Simultaneous reception in two polarizations 
has made it possible to obtain data on the 
character of variation of the orientation of 
the container with the scientific apparatus. 
Fig. 8 shows samples of the record of the 
signal obtained by the automatic interplane- 
tary station of the third Soviet space rocket. 
Several characteristic periods of variation 
of the intensity of the intensity of the signal 
were observed. Detailed results of these 
measurements are cited in [12]. 


The selen- 
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Fig. 7. Landing of container on the moon: 


A—data of interferometer of the Physics 
Institute of the Academy of Sciences USSR; 
B—data of automatized set [7]; C—data of 
reference [8]; D—data of [9, 10]; E—data 
of B. Balazs, J. Balazs and M. Lovas, 
according to [11]. Single shading — error 
of radio interferometer; close double 
shading — proposed region of landing on 
the moon, 
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Fig. 8. Samples of recordings of signals made from the third Soviet space rocket on 17 Oct. 195 


a—recording of signal obtained from vertical dipole; b — recording of signal obtained from hori- 
zontal dipole; c — interference record from horizontal dipoles. ‘Time constant of output unit shif 
the interference pattern by approximately 15 seconds. If this influence is taken into account the 
maxima and minima of the signals and records b coincide with those of records c. The maxima 
of records b and c correspond to the minima of the record a, and vice versa, this indicating 


rotation of the automatic interplanetary station. 
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CHARACTER OF FLUCTUATIONS 
OF A UHF RADIO SIGNAL PROPAGATING 
OVER AN INHOMOGENEOUS SURFACE 


N.D. Filipp 


Approximate expressions are obtained for the mean level of the radio signal and its rela- 
tive fluctuations at the output of a square-law detector for propagation in an inhomogeneous 
medium over an irregular interface. The values of the normalized functions of the spatial 
and temporal correlations of the fluctuations of the wave field in the presence of an irregular 
interface are compared with the values of these functions in free space. 

The deductions obtained are compared with the experimental data. 


1. ESTIMATE OF UHF FLUCTUATIONS IN THE CASE OF 
MULTIPATH PROPAGATION 


References [1, 2, 3] report on investigations of the fluctuation characteristics of electro- 
magnetic waves with account of the influence of the interface. The interface was assumed in 
these investigations to be a perfectly conducting plane. When the problem is so formulated, 
it is impossible to explain the sharp differences between the mean levels of the electric field 
at points located in horizontal planes transverse to the path. To explain these differences, 
account must be taken of the irregularities of the interface. 

Experiments which we have carried out to investigate the fluctuation characteristics of 
waves in the 10-cm band on a short path (37 km) in the direct visibility zone, using reception 
at separated points, disclosed that the distribution of the field transverse to the path is quite 
complicated (even within the limits of several wavelengths). 

We consider below, in the geometrical-optics approximation [4], the effect of a rough 
interface on the mean level of the received signal and on its absolute and relative fluctuations. 


1270 


If the transmitter is located at point A and the receiver at point P (Fig. 1), then the field 
& (P, t) at the point of reception is determined by the field of the direct ray ¢, (P, t) and by 
the field of the reflected ray @,(P, t) 


where & (P,t) = 6, (P,t) + &,(P, t), 
8: (P,t) = (Eo (P, t) + AE, (P, 1) exp {i [or (P, t) + Ag, (P, t) — wit}}; 
65 (P, t) = R(C) [Boe (P,t) + AL, (P,t)] exp {i [@o2 (Pt) + Age (P,t) — of}. (1) 


To simplify the notation we shall henceforth leave out the arguments P, and t. The quantities 
E01, Eo2, 901, and 02 are the mean amplitudes and phases of the fields of the direct and 
reflected rays; AE,, AE9, Ay, and Ag2 are the fluctuating components of the corresponding 
quantities, and 992 contains also the phase loss angle due to reflection; R(C) is the absolute 
value of the reflection coefficient. 

The absolute value of the reflection coefficient de- A 
pends not only on the electric properties of the earth, but 
also on the geometry of the reflecting surface. Thus, in 
the case of convex inhomogeneities, rays which were 
nearly parallel prior to reflection, become divergent 
after reflection and consequently the amplitude of the 
reflected wave decreases with distance. The degree of 
divergence depends on the curvature of the surface at 


the point of reflection. In the case of concave inhomo- Fig. 1. Schematic represen- 
geneities, the rays can become concentrated at certain tation of double-beam model 
points in space, and consequently, an increase at the of propagation. 

point of reception is possible compared with the amplitude 

of the point C. 


If we confine ourselves to convex inhomogeneities then, as follows from [5], the absolute 
value of the reflection coefficient can be represented in the form 
D (0) 


RC) =RYV oo, (2) 


where Rog is the coefficient of reflection from a perfectly conducting plane; 


fe 2 


si Z 
sin | aL =* cos 9: 


Po 01P2 


D (rs) = cos@ + 2rp (e+ 


D(rg)dS is the area of the normal cross section of the beam incident on the surface element 
dS, containing the point of reflection; 9 is the angle of incidence; p and pg are the principal 
radii of curvature of the normal cross section of the surface; K = 1/p1p9 is the Gaussian 
curvature of the surface; pp is the radius of the normal intersection between the surface and 
the plane of incidence of the beam. The quantity D(r9) /D(0) obviously yields the broadening 
of the beam, i.e., the ratio of its cross section at a distance rg from the surface (reckoned 
along the ray) to the cross section at the surface itself. 

At small values of geometric path difference, we have Eg) = Egg [10]. Let us consider 
the case of small fluctuations, AE;/Eg,; « 1 and Agj «1, which is valid in the direct visi- 
bility zone. Assuming the earth to be perfectly conducting and leaving out the time factor in 
the expressions (1), we obtain for the mean value of the signal at the output of a square-law 
detector 


U (P, t) =a [(Ea + AE)? + BR? (C) (Eu + AEs)? + 
+ 2R (C) (Eu + AE) (En + AE) cos Ag), (3) 


whereAg = Agg + ©= 902-901 + 4P2- Ag ; @ is a proportionality coefficient, which can 
be readily determined during the process of calibration. The superior bar denotes statistical 


averaging. : 
It is assumed that the fluctuations of the amplitude and of phase are independent, as takes 
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place, for example, when the scattering is by turbulent inhomogeneities and when the wave 
parameter D is sufficiently large [6]. Making use of the fact that the phase of a wave scat- 
tered by random inhomogeneities of the refractive index has a normal distribution [7], we 
find that the phase difference ®@= Avg - Ag, also has a normal distribution [8], and then 


D—®, 
{ ve “a 2962 


L 
\ Vins, 


2 
© 


2 


2 


\ EtlAPrP)e “ dD} = cos (Ag, + ®y) € ; , 


Foro) 


cos (Ag, + @) = Re 


where 


= D = Be, — Agy 03 = of — fy + 03 of = (Ap, — Ag, 


o3 = (Ag: — Aqe)*; fp = (Agr — Agu) (Ag, — Age). 


If the irregular components of the fields are such that AEj = Agj = 0 (i.e., AE; and Ag; have 
a symmetrical distribution [9]), then (3) can be reduced to the form 


wo] Seo 


U(P, t) = a {AE? + R? (C) AE? + 2R (C) BE, AE, cos Age 2 4 
2 


+ E?, [1 + R2 (C)] + 2R (C) E, cos Age 2}. (4) 


At small fluctuations of the wave field (which is valid in the direct-visibility zone when the 


ie} 


2 
~1-—-* and E ~ Eo, V1 + R2(C) + 2R (C) cos Ago, we 


paths are not very long), when e— 


obtain for the mean value of the fluctuations of the signal power 


VP.) =U) —atEy + RC) + 2R © cos Aqy]} = 
= a {AE} (1 + RB? (C) + 2R (C) ear cos Aqy) — 2R (C) Agi (4 — ag) x 
xX (EX, + AL, AL2) cos Ag,}, (5) 


where @ay = AL, AE2/ AR and Qs. = Ag, Ag, / Ag? are the coefficients of spatial correla- 
tions of the fluctuations of the amplitudes and phases of the direct and reflected waves in the 


aperture of the receiving antenna. It is proposed in [3] that ALi ~ AB? ~oj}; and Ag? a= A; = 07s 


From (4) and (5) it is seen that both the mean level of the signal at the output of the system, 
and its fluctuations depend on the difference in the path of the direct and reflected rays (which 
causes their distribution in space to have a lobe-like character), and also on the absolute 
value of the coefficient of reflection. 

The fluctuations of the signal at the output of the system are determined not only by the 
fluctuations of the amplitudes and phases of the field, but also by the degree of correlation of 
the fluctuations of the amplitudes AEj and of the phases Ay; (i= 1, 2). Expression (5) in the 


vicinity of the interference minima and maxima of the mean level of the field are reduced to 
the form 


V(P,f) =a {o% (1 + R® (C) $ 2K (C) earl + 2R (C) Ei,oi (1 — 04,)). (6) 


If the fluctuations of the wave field of the direct and reflected rays are fully correlated, i.e., 
Qa = Qag = 1, then 


V(P,t) =a for 1 +R C)}} in the vicinity of the maxima, and (7) 
V (P, t) =a (0% (1 —R OEP} in the vicinity of the minima. 
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On the other hand, if the fluctuations of the directed and reflected rays do not correlate, we 
have 


V (P, t) =a {o% [1 + R? (C)] — 2R (C) E503} in the vicinity of the maxima, and (8) 


V (P, t) = a {o% [1 + R? (C)] + 2R (C) E2,07} in the vicinity of the minima. (9) 


For the relative fluctuations of the signal level we obtain 


Ary isis A 
3 [1 + R®(C) —2R (C) pap cos (2057)| 4-2Ro? (t= pre) (£2, FAE AE») co:( 20" ) 


Et [1 + R? (C) — 2R (C) cos (2x a )| 


aN 


which displays the lobe-like character of the relative fluctuations in the presence of a reflected 
component. 


2. COEFFICIENT OF SPATIAL CORRELATION 


Let us examine in the approximation of geometrical optics [4] a two-beam propagation 
model, i.e., let us assume that two beams arrive at the receiving antenna, one direct and 
one reflected. If receiving antennas are located at the points P, and Po, then the resultants 
of the direct and reflected fields in the apertures of the antennas have the following form 


& (P1) = 8 (Pi) + 8, (Pi), 
& (P2) = &2 (Px) + 8 (Ps), 


where 
81 (Pi) = [Eo (Pi, t) + AE: (Pi, 2) exp {i lp, (Pa, t) + Ag, (Pi, t) — of)}, 
6 (P1) = R, (C1) (Ey, (Pi, t) + AE, (Pi, #)] exp {i [po (Pr, 2) + 
+ Aq, (Pi, 2) — ot]}, 


(10) 
2 (P2) = [Ego (Pa, t) + AE2 (Po, t)] exp {i [Poo (Po, t) + Aq, (P2, t) — at]}, 


(Pe) = Ro (C2)_[Eos (Po, t) + AE; (Pz, t)] exp {i [@o2 (Ps; t) + 
+ Ag, (P2, t) — at}. 


The coefficient of spatial correlation of the fluctuations of the envelopes of the signal 
amplitudes at the output of square-law detectors 


U (Ps) U (Pe) — U (P,)U (P:) 
{[0® (Pi) — (U (Pr))?] [U2 (P2) — (0 (P2)) V2" 


piPs, Ps) = 


where U(P}) = a% (Pj) &* (Py) and U(P2) =@& (Pg) &*(Pg) have in the general case, as 
follows from (10), a rather complicated form, but to describe their spatial distribution con- 
nected with the lobe-like character of the interference field we can use the approximate 
expressions obtained in some particular cases. 

If both receiving antennas are located in the vicinities of the interference maxima, or 
minima of the field (with the exception of the minima for which Ry ~R2 ~1), then under the 
following conditions: 

a) AE;/Eg1 «1, 49i « 1; 

b) AE; and Agj have a normal distribution; 

c) D = 4L/Ka2 > 1; 

d) the direct and reflected waves are weakly correlated; 

e) the character of the fluctuations (depth and frequency) of the reflected waves is the 
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same as in the free space, the coefficient of spatial correlation of the signal fluctuations 
assumes the following approximate form 


AEA; (1 + Ri + Ro + RiR2) + AEA, (RURS + RiRS + RURe+RiRe) 


se (11) 
[ AB? (1 + Ry)? (1 +-R2) AL (1 + Re)® (1 + RB)I'? 


p(P;, Pe) = 


On the other hand, if one of the antennas is located in the vicinity of the maximum of the 
interference field (assume that this is the first antenna), and the other in the vicinity of the 
minimum field, we obtain 


RE, AE; (1 +-Ri — Ry — Ri R2)+ AE,AE, (RPR3 + Rik} — RURs— Rho) 


p(Py, Ps) = (12) 


[ AB? (1 + Fy)? (1 + RY) ABZ (1 — Ra)? (1 + FRY)" 


In this case, the coefficient of spatial correlation, depending on the values of AE‘; AE's, 
Rj and R2 can be considerably less than in case (11). 

It follows from (11) and (12) that the spatial correlation of the fluctuations of the ampli- 
tudes of the received signals has a lobe-like character in the presence of an interface. 

In particular, if the correlation of the fluctuations of the reflected waves is the same as 


of the direct waves, i.e., AE] AEg = AE") AE'5 and Ry ~R2g=R, then expressions (11) and 
(12) assume the following respective forms 


AE AR, 
(Bay Bah Oo ce ea (13) 
V sear? 
AEAE,(1— RY) _- = 
p (Py Py) = Meee eee (Pi, Pa) 1 ey (8h (14) 


AE? AE? (1+ R?) 


where @ (Pj, Pg) is the coefficient of correlation of the fluctuations of the field amplitudes 
at the points Pj and Pg in free space. 

The decorrelation of the received signals can occur also as a result of a change in the 
character and the degree of correlation of the waves reflected from the underlying surface. 
Thus, in points of space where the reflected waves are weakly correlated, (11) assumes 
the form 


14+R,+R.4+ Rk Re 


=P 5 (Pa Ps) CE RP + RE RP ERT ine 


p (P,, Po) 


Unlike the case (13), the correlation coefficient under such conditions can prove to be also 
much less than expected in free space. In particular, when Ry = Rg=R 


Pp (Pi, Ps) 
p (Pr, Psy =F <pg (Pr, Pr) - (16) 


When the antennas are located in the vicinities of the field minima, wherein Ry ~Rg ~1, we 
obtain , 


(AF? AE? — AB? AE?) + (AE? AE? — AE? AF?) 


p(P;,P2) = 7 = 7 FV a ‘ 
{[Az4 — (AE?) + AEA (AE) | [Ae3— (A3)’ au AES—(AE?)? |" 


(17) 


The behavior of the correlation coefficient of the signal fluctuations at the output of the system 
differs appreciably in this case, above all because it is expressed in terms of correlation 
functions of the squares of the fluctuating amplitudes of the field. Thus, it follows from (11)— 
(17) that in the case of double-beam propagation of radio waves, the space correlation of the 
fluctuations of the received signals has a lobe-like character and can be under various condi- 
tions quite less than its value in free space under the same atmospheric conditions. In the 
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' case of multiple-beam propagation and weak interrelation between the fluctuations of the re- 
flected waves, this difference can be even greater. This is physically clear, for the greater 
the number of statistically independent waves arriving at the points Py and Po», the weaker 
the statistical connection between the resultant fields at these points. 


3. TEMPORAL AUTOCORRELATION COEFFICIENT 


If a receiving antenna is located at the point P and if we denote by.U(Pat)randsU(2 ata) 
the signals at the output of a square-law detector at the instants of time t and t + T, where T 
is the time shift, then we can neglect, in the vicinity of the interference maxima and minima 
(with the exception of the minimum points where R ~1), as in preceding particular cases 
(11)—(16), the terms containing moments of fourth order. In this particular case, recog- 


nizing that under the assumptions made we have AE, AE]; ~ AE gAE97 where AE}, AE}7, 


AE2, AE27 — the amplitudes of the fluctuating components of the field of the direct and 
reflected waves at the instants t and t+ 7, we obtain 


U(P, 1) U (P,i +0) —TU (P,1) U (P, t+) 


p(P;t) = 


{U2(2,) —(O(, +)) (W?8@, t+yn-O e+)? 
AE, AE, (1+ RY? + (R?+ R)?] AE,AE,, 
= —* = pr (1). (18) 
WEA (=e BR)? -E (RE R)?] AE 


We denote here by e (P, 7) the coefficient of temporal autocorrelation of the fluctuations of 
the envelope of the signal amplitude at the output of the quadratic system at the point P, in 
the presence of an interface, and by of¢(T) the coefficient of temporal autocorrelation in free 
space. Thus, in this case the spatial distribution of the temporal correlation of the signal- 
amplitude fluctuations at the output of the receiving signal does not have a lobe-like character 
and is equal to the correlation of the fluctuations of the field amplitude in free space. 

Naturally, if we take into account the dynamic nature of the underlying interface, the 
temporal correlation of the fluctuations of the received signal may prove to be different than 
in free space. 

At the interference minima, when RK ~1, we can neglect the terms containing moments of 
second order; we then obtain for the coefficient of temporal correlation of the fluctuations of 
the signal amplitude at the output of the receiving system 

4 
AE? AE?,— AE? AE? 
Fama Ga Me) (T) = p's (T) ’ (19) 
AEy ia (AE i) 


(Uae = 


where o'(7T) denotes the coefficient of temporal autocorrelation of the fluctuations of the 
square of the field amplitudes at the input of the system, which in our case, where we assum 
normal distribution of the scattered field components, is equal to the square of the coefficient 
of temporal correlation of the fluctuations of the field amplitudes at the input of the system. 


4, DISCUSSION OF EXPERIMENTAL RESULTS 


It is clear from the foregoing that fluctuations at the output of a receiving signal, in the 
presence of an inhomogeneous interface, are different at different points of space and deviate 
from the values expected in free space. However, the degree wherein they differ from the 
values in free space depends, on the one hand, on the magnitude and character of the reflect« 
waves, as determined by the reflection coefficient R, and on the other hand it depends on the 
state of the troposphere. The value of R will be determined essentially by the character of 
the path, by the form of inhomogeneities of the interface, by its electrical properties, and bi 
the vegetation cover. 

We give below certain results of experimental researches, carried out in 1959-1960 on 
an open dry path 37 km long (Fig. 2). The character of the path gave grounds for assuming 
that the coefficient of reflection is insignificant, with the exception of the locality near the 
receiving point. The essentially reflecting zone, located near the receiving point, was a 
faintly uneven surface. The smallest clearance, allowing for normal reflection, amounted t 


1275 


15-20 meters, while the maximum deviation of the profile from a sphere was about 50 
meters. 

On one end of the path was placed a pulsed transmitter with pulse power of 80 kw, oper- 
ating frequency f = 3,000 Mc, a pulse repetition rate of 400/sec, and a pulse duration of 1 
microsecond. 

The radiating system was a parabolic antenna 1.8 meters in diameter, radiating a hori- 
zontally polarized wave. 

The receiving apparatus, located on the other end of the path, had two identical channels. 
Each channel was a superheterodyne receiver with apparatus which permitted automatic 
synchronous registration of the levels of the signals received by two spatially-separated 
antennas with variable base. The receiving antennas used were symmetrical dipoles 4 meters 
above the earth. 

The statistical characteristics of the received signals were estimated (see sections 1-3) 
at the outputs of the square-law detectors, since the power amplitude characteristics of the 


receivers were linear. 
We investigated the transverse 


correlation of the field amplitude 
fluctuations in a horizontal plane. 
During the time of the experiment, 
the stability of the receiving and 
transmitting systems were contin- 
uously monitored, for which purpose 
part of the radiated power was 
diverted to the power meter of the 
transmitter, and to a control standard 
signal generator. A block diagram 
of the receiving apparatus is shown 
ay IH Si 

The measurements were carried out three times a day with the sessions lasting from 30 
to 80 minutes. The spacing between antennas was varied between one and 40 wavelengths. 
Continuous recording of the envelope of the received-signal amplitudes was made on motion 
picture film for 5 - 7 minutes. The rate of travel of the film depended on the character of 
the fluctuations and ranged from 1 to 10 mm/sec. The time interval for processing was 3 - 5 
minutes which, on the one hand, excluded the influence of the non-stationary nature of the 
investigated processes, and on the other hand permitted a sufficiently accurate determination 
of such statistical characteristics of the field variation as, for example, the mean value, the 


Height above sea 
level, meters 


Fig. 2. Profile of path. 


quadratic deviation, the correlation coefficients, etc. [11]. 


Fig. 3. Block diagram of receiving system. 
I, I'—heterodyne; I, I'—mixers with pream- 
plification of intermediate frequency; II, III'— 
IF amplifier; IV, IV'—video amplifier; V, V'— 
cathode ray oscillographs for visual observa- 
tion; VI, VI'—peak detectors with DC ampli- 
fiers; VII—loop oscillograph; AyA9—antennas. 


The experimental data were used to 
calculate the following: a) mean value of 
the signal at the output of the system; b) 
mean-square deviation of the signal; 

c) normalized temporal autocorrelation 
functions; d) normalized spatial correlation 
functions. 

To determine the transverse correlation 
fluctuations of the field amplitude we used 
the method of successive recordings of the 
signal at various points of space using a 
single stationary antenna, a method which 
is fully applicable if the statistical state of 
the troposphere is stationary. 

Since the experiment extended over 
many months (June 1959 - June 1960), we 
were able to investigate the fluctuating 
characteristics of the wave field at different 
values of the reflected field component. 
Depending on the electric properties, the 
character of the unevenness, and the vege- 
tation on the reflecting surface, the effective 


reflection coefficient had a range 0.9<R< 0.1. 
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The results of the investigation of the fluctuation characteristics of the received radio 
signal confirm the conclusions that when the mean field level has a lobe-like structure the 
relative fluctuations of the field amplitude and their spatial correlation also have a lobe-like 
character. No dependence of the distribution of the 
temporal correlation of the field-amplitude fluctu- 
ations on the interference structure of the mean field 
level was observed. 


Fig. 4. Graphic representation of mean 
field level E, coefficient of space-trans- 
verse correlation p(s), and the disper- 
sion 0y2(s) of the received signal; s — 
base between the receiving antenna; 

*— experimental values 


{ 
a ae SaaS 
Fig. 4 shows values of the average level of the 0 é ee 


§ 
field E, of the coefficient of transverse correlation O76 a8 BB HA 
@ (s) and the dispersion oy2(s) of the received radio 
signal in one of the measurement sessions. We note that the dispersion oy2(s) (Fig. 4) is ob- 
tained with the mean value of the signal at the output of the receiver reduced to one and the 
same level, this being accomplished by setting the gain of the receiver, so that essentially 
oy2(s) is a quantity proportional to the relative magnitude of the fluctuations. The course of 
the spatial correlation of the amplitude fluctuations of the received signal, shown in Fig. 4 
can be readily explained on the basis of (11) and (12), namely that when the moving antenna 
is located near the interference maximum of the field and the stationary antenna is in the 
vicinity of the minimum, the factor (R|R} + RiR; — R'R2 — RiR2) of the correlation function of 


the amplitudes of the reflected waves AE'; AE'9 becomes negative, whereas when the moving 
antenna is in the vicinity of the maxima the factor (Ry2R52 + RyRo2 os Ry2Re + R R92) of the 


function AE'; AE'9 is a positive quantity, so that stronger decorrelation of the received sig- 
nals takes place for the interference minima of the mean level of the field. 


Since the correlation function AE; AE'9 decreases with increasing separation base, it 
follows from (12) that the difference between the neighboring maximal values of the coefficient 
of transverse correlation pmax - Pmin decreasés with increasing base. This effect is clearly 
pronounced in all experiments where the mean level of the field has a lobe-like distribution 
(Figs. 4and6). Fig. 5 shows the experimental data for the coefficient of temporal autocor- 
relation, obtained for different points in space at which the mean field level, the relative 
fluctuations, and their dispersion greatly differed (the data cited pertain to the processing of 
recordings made of the same measurement session as for the spatial correlation function 
shown in Fig. 6a). It is seen from Fig. 5 that within the framework of the permissible data- 
reduction errors, these do not differ greatly from each other and are well approximated by 

ee 


the exponential function e °* (solid curve), where ¥, is the drift-velocity component normal 


to the vertical plane passing through the receiver and transmitter, 7 is the time shift, anda 
is a parameter characterizing the mean dimension of the inhomogeneities of the medium, 
responsible for the fluctuations of the wave field. 

The degree of deviation of the relative fluctuations and the spatial correlation of the 
amplitudes of the signals in different reception points depend on the depth of the interference 
pattern of the mean field level. Fig. 6 shows the behavior of the transverse correlation for 
different values of the effective reflection coefficient Re. The reflection coefficient was 
determined from the vertical distribution of the mean field level [12]: 

E -E . 

_Max __min. 

E Sh JB 
max min 


ig = 
We note that the depth of the interference pattern in the horizontal plane, transverse to 
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the path, was almost the same as for a vertical plane, 
and differs only in having a more complicated field 
distribution as a function of the character of the irreg- 
ularities of the interface. 

In the case of a field with a deep interference 
pattern (Fig. 6a), the distribution of the transverse 


(T) 
{0 


05 


U 5 10%, sec 
Fig. 5. Graphic representation J 8 ar LS 
of temporal coefficient of auto- Fig. 6. Graphic representation of 
correlation; 1, 2, 3—experimental the coefficient of transverse corre- 
values at different points of lation for different values of the 
space. effective reflection coefficient. 


correlation of the fluctuations of the amplitude of the envelope is quite complicated, and its 
character is clearly connected with the lobe-like distribution of the interference field. How- 
ever, when Reg < 0.3, the lobe character of the distribution of the spatial correlation and of 
the relative fluctuation of the field amplitude almost disappears. 

Whereas in the former case the lobe-like structure of the fluctuation characteristics of 
the field can mask certain effects due to atmospheric inhomogeneities (in particular, corre- 
lation distance), in the case of a weak coherent field components (Re < 0.8) it is possible to 
make a complete study of the behavior of the fluctuation characteristics of the field as a func- 
tion of the state of the troposphere. 

We note that the presence of stationary interfaces, as follows from the foregoing, cannot give 
rise to field fluctuations. It leads only toaunique distribution of these characteristics in space. 

I take this opportunity to thank A.A. Semenov and G.A. Karpeyev for valuable help ren- 
dered in the performance of this work. 
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CERTAIN OPTIMAL DEVICES FOR DETECTION 


OF A PULSE SIGNAL OF RANDOM DURATION 
IN THE PRESENCE OF NOISE 


N.K. Kul'man, R.L. Stratonovich 


We describe a theoretical investigation of the operation of optimal nonlinear and linear 
filters with relays used as the decision element for the separation of an asymmetrical pulse 
signal of random duration from white noise. Theoretical estimates are obtained for the 
average number of false pulses per unit time and for the probability of failure of detecting 
pulses, depending on their duration, assuming the noise to be small. We plot the character- 
istics of detection of a single pulse of random duration for several particular cases. We 
compare the operation of a nonlinear and linear filter. 


INTRODUCTION 


The receiver input is usually a signal r(t) which in the simplest case is the sum of a 
useful signal and of noise: r(t) = s(t) +,n(t). The task of the optimal receiver is to produce at 
its output a signal s(t) that differs least from the useful signal s(t). A theoretical analysis of 
the problem of optimum filtration is found in many papers [1-5]. The Kolmogorov-Wiener 
theory [1, 2] gives the optimal filter in the class of linear transformations, which coincides 
with the optimal filter itself (on the basis of the mean-square criterion) in the case when the 
signal and noise have Gaussian distributions. Many of the encountered signals, however, are 
essentially non-Gaussian, such as pulsed signals of various kinds. In the case of a non- 
Gaussian signal or noise, the nonlinear transformation can be expected to be certainly better, 
and the optimal system for this case is a nonlinéar filter. To calculate the nonlinear optimal 
filtering systems one can use successfully the Markov theory of conditional processes [3, 4, 9]. 
Optimum nonlinear systems are simplest to caiculate when the signal or its parameters can 
assume only a finite number n of possible values. The equation for the a posteriori probabil- 
ities of these values, derived in [4], can be directly represented by a model. In the present 
article we consider the case n = 2. It is assumed that the useful signal is a Markov process 
i.e., the time that the signal remains in each of the two possible states has an exponential 
a priori distribution law. The received signal is the sum of the described pulse signal and 
white noise. 

If we consider the stationary problem, then the optimum filtering system can also be cal- 
culated from the Kolomogorov-Wiener theory. The latter optimal filtering system will 
certainly be poorer than the nonlinear system designed on the basis of the theory of conditional 
Markov process, inasmuch as in the Kolmogorov-Wiener theory the optimal system is sought 
only in the class of linear systems, whereas the optimal system itself is nonlinear.* Itis 
interesting, however, to compare these systems directly and to ascertain the extent by which 
they differ in operation, and under what conditions this difference is greater or smaller. 

A theoretical comparison entails great computational difficulties, so that we shall confine 


*By way of an optimality criterion we can take any of the following: minimum mean- 
squared error, minimum modulus of error, or minimum summary mean error time. For a 
signal in two positions, these quantities are proportional to each other. 
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ourselves to the case of an asymmetrical signal and also to the case of white noise. 

It was found possible to obtain for these cases approximate estimates of certain quanti- 
ties that characterize the efficiencies of the nonlinear and linear filters, to compare them 
with each other and with the experimental results described in [6]. We choose for such 
quantities the average number of false pulses per unit time and the average relative number 
of undetected pulses, as functions of their duration. We also considered the case of filtering 
with finite observation interval and obtained the characteristics of optimal receivers in 
analytic form. 


1. EQUATION OF OPTIMAL NONLINEAR FILTER AND OF LINEAR FILTER 
CALCULATED BY THE KOLMOGOROV-WIENER THEORY 


Let us consider the problem of filtering a generalized telegraph signal, comprising a 
sequence of rectangular pulses which assume values ta and -a, with a specified average of 
a transitions per second from the state +a to the state -a, and a specified £ transitions per 
second from the state -a to the state +a. The noise is assumed to be white with spectral 
density N(< nn; > =N6 (1)).. The a priori probabilities w’ and w- of being in the states +a 
and -a satisfy accordingly the following system of equations 


Ny 


) r(t)-stt}+ntd| Optimal |__z¢t/ 3(t) 


wt = '— aw 3w , filter 


igaens 


w = awt — pw. 


Fig. 1. Diagram of optimal receiver. 


The useful signal is thus a Markov process. Because of this circumstance we can find an 
optimal transformation in an arbitrary class, without confining ourselves to a prescribed 
class of transformations. Applying Eq. (88) of [4] to the particular case described here, we 
obtain the following equation for optimum filtering, written in terms of the dimensionless 
parameters: 


dz ; ‘ 
ae (uw — v) — 2-4 S (1 — 2?) ri (to), (1) 


where z(tg) = W'ps (to) - W ps (to), with Wios the a posteriori probability of the signal being 
in the state ta, while w ps is the a posteriori probability of the signal being in the state 
-a(-1 < z(to) < +1); ri(to) =r (to)/a = sq (to) + n1(to) = s (to) + n (tg) is the signal at the input 
of the filtering system); to = t(@ + 8) is the dimensionless time; p = a@/a + B) — probability 
of the signal staying in the state -a (pause); v = B/a + 8) — probability of the signal being in 
the state +a (signal); Q= N (a+ B)/a2 — generalized noise/signal ratio. 


The decision element that concludes the character of the useful signal on the basis of the 
criterion of the maximal a posteriori probability can be a relay which responds in definite 
fashion to the reversal of the sign of the function z(to), and which forms a temporal sequence 
of pulses si(tg). A diagram of the optimal receiver is shown in Fig. 1. 

For the dimensionless parameters indicated above, we can write the following equation 
for linear filtering, on the basis of the Kolmogorov-Wiener theory ([5], p. 273): 


oe yO a 8 pv r1(lo) 
pr Vater ae @ 
3 
Q 


The process z(to) at the output of the optimal linear filter is a "smoothed" signal r (tg), fil- 
tered in accordance with the minimum mean-square error criterion. The output of the linear 
filter is connected to a relay which forms a temporal sequence 82 (to). It is quite interesting 
to compare the filtering efficiencies of the nonlinear and"'linear"systems* for different 


*The term "linear system"' is arbitrarily applied to the aggregate of a linear filter and a 
relay, which actually is a nonlinear system. 
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' signal/noise ratios, for different signal parameters, and also for a variable relay operation 
threshold. 


2. PROBABILITY OF FALSE DETECTION AND OMISSION IN THE CASE OF NONLINEAR 
AND LINEAR FILTERING. APPROXIMATE CALCULATION METHODS 


In view of the difficulty in the analytic investigation of the quality of filtering in the gen- 
eral case ( ~ v), we consider the filtering of a sharply asymmetrical signal (u > v). If we 
choose an observation time interval Tg satisfying the condition 1/1 «< To « 1/v, then the 
problem of detecting the signal assumes the same character as the problem of separating a 
single pulse from noise. The a priori probability density of the signal duration is expressed 
here by the relation wt = exp (-u 7), In the process of separating the signal from the noise 
we shall deal with an omission error D, occurring when the system does not respond to a 
change in the signal polarity, and a false-detection error PF, when the system indicates a 
change in polarity of the signal when no such change takes place. It is interesting to estimate 
these errors. 

In fact, the summary mean-squared filtering error, which was chosen as the criterion, 
is proportional to these errors: 


0 


| s(t) — 89 (¢)|? dt = 4a [pTp D + Tp Pr, 


See BW 


where p — a priori probability of appearance of a pulse; Tp — its average duration; iS 
average duration of false pulse. 

In our case we can assume that the probability distribution of the signal at the output of 
the filters, ahead of the relay, is stationary in the interval between the positive pulses (during 
the time of the pause we have sj = -1), and the average number of false pauses per unit time 
can be determined as the flux of the probability of the stationary distribution through the 
boundary z = Zp. 

Let us find the stationary distribution of the probabilities at the output of a nonlinear and 
linear filter during the time of the pause. Our system, which is made up of a nonlinear and 
linear filter, is described by an equation of the type 


y =f y) +6 (bo). (3) 


Here ¢ (to) is a 6-correlated random process with <€>=0 and < CC ->=Nog6 (rt). In fact, let 
us divide both halves of (1) by 1-z2 and let us introduce a new variable y, connected with z 
by the relation y = tanh-1z. Then the equation of the nonlinear filtering (1) is represented in 
the form (3), where 


fy) =—(w—vw chy —tsh  — Gs $= 3; No=Gli=—1+n). 


Using the Fokker-Planck equation we can obtain for the process at the output of the filter 
y(to) the following stationary probability distribution: 


(4) 
ws (y) = C exp {x-\ Fy) ay} 
where 


0 = [losn fon aay)” 


We finally obtain the following expression for the probability density of the values of the 
signal at the output of the nonlinear filter during the time of the pause 
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exp ee Q) ar th (w— | pion sc 


Ky. (@ Viv) 2+" 
Serre (1 +2) (5) 


x exp {— Q Vpvch [2ar th z + ar th (u — v)]}. 
The equation for linear filtering assumes directly the form (3) 


wo (2) = 


y =z; f (2) = —Az —B; 
C= Bri No 520; 


|i Ba ov 1 


where 


Using (4), we can readily obtain the stationary probability distribution density for,the signal 
at the output of the linear filter 


(6) 


(z —m)? 
Wo (z) ere V one exp {— 262 ’ 
where 
2s B Yn EE 
oe See, 


We can now proceed to determine the error due to false detection of a positive pulse, 
occurring during operation of the nonlinear and linear filters, using the approximate solution 
of the Fokker-Planck equation used in [7, 8]. Let us consider first the case when the 
threshold of operation of the relay at the output of the filters is zero. During the time of the 
pause the useful signal acting on the input of the filtering system is sj = -1. Then the region 
under consideration is that of negative values of y(tg), i.e., - © < y(to) <0 (y= tanh-lz for 
nonlinear filtration and y = z for linear filtration). However, there is a finite probability of 
false detection of a positive pulse, owing to the fact that at a certain instant of time t = tj the 
noise trajectory at the output of the filter passes through the boundary yp = 0 into the positive 
domain. From this point of view, it is interesting to estimate the average time necessary to 
reach the boundary. For this purpose we must consider all possible trajectories of the rep- 
resentative point in the negative domain, with the exception of the trajectories near the bound- 
ary y(to) = yb, which certainly do not touch each other, since the speed of motion of the 
representative part is infinite (dy (to)/dtg has an infinite dispersion). It is, therefore, neces- 
sary to put wg (yp) = 0, where wg (y) is the somewhat modified stationary probability distribu- 
tion wo (y). It can be found as a solution of the Fokker-Planck equation with this boundary 
condition. The Fokker-Planck equation has the following form: 


Awy,t) __ 0G (y,t) 
Ct SOT 


where G(y, t) = f(y) w(y, t) - ee we has the meaning of a probability flux. As follows 


from [7, 8], the probability of false detection during the time Tg is 
Pp Chg) == Aenea, 


where 
No 2 (Y) 


Y = Gs (y) y= =f (y) Ws (y) luv, ae tray Y=Vp? 
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or 


Ny &, (¥) 
tS ot aia ap (7) 


is the flux of the probability of stationary distribution through the boundary yp = 0. It is easy 
to show that y is the reciprocal of the mean time necessary for the trajectory of the repre- 
sentative point to reach the boundary, or the mean number of transitions of the trajectory 

y (to) through the boundary per unit time; it can serve as an approximate estimate of the 
number of pulses per unit time. 

If the noise is sufficiently small, it can be assumed that the influence of the zero bound- 
ary condition on the variation of the probability distribution density is confined to a narrow 
region near the boundary. We shall, therefore, represent wg(y) as the product of the station- 
ary probability wo (y), which satisfies the condition of vanishing at infinity, and a correction 
factor wy (y): 


we (y) = wo (y) Wi (y), (8) 


with wi (0) = 0, and wy (y) = 1 for y > 1/VAK, where X= 2/Np;K=- 4™|_ This last 


inequality imposes a limitation on the noise [7, 8]. Using (7) and (8) we get 


dw, (y) c dw, (y) meet 
ay Was ° (y) dy |y=o0 No’ 
i.e., after integration, 
y 
rane | 
3 (y We MN ee 
ee a (y) (9) 


Using (2), in which we expand the integrand in a Taylor series about y = 0, and let it 
approach -co, we can readily find the number of false pulses per unit time for the case of 
nonlinear filtering 


1 

—Vv+> 
-- ark 
pinctign? TE 


(10) 


n= 


If the operating threshold of the relay b is not equal to zero, we obtain a more compli- 
cated expression 


eae ae at a9) 


{—(w—¥) 1, H—v\, po—vite b 
i Kaan, OV) (a+ 2 )4 2 ie eal 
Bub Nic 0 gibi b 
ina wa hel ne ee (11) 


where bj =b/a. At the same time we have for linear filtering 


t= BV gait a)r(— aol + 2)} (22) 


It is quite interesting also to determine the probability of omission of positive pulses 
D(z) as a function of their duration 7 for both the nonlinear and linear filterings. Inasmuch 
as we deal here with a sharply asymmetrical useful signal, we can assume that at the instant 
to = 0, when we assume the signal to jump from -1 to +1, a stationary voltage has already 
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been established at the output of the filter. ' 
The equation of the trajectory of the representative point at the output of the nonlinear 


filter is, in the absence of noise, 


4 
221+ Q 2 29 — 21 


22, 
1 jefe? { hs 


Z (to, 2) = 2, + {| ee ORL) 


where Z] = - 2 se Q(u—v)+1 is the voltage at the output of the nonlinear filter in 


the absence of noise, under the condition where the filter is acted upon for a long time by 


the signal sj = +1; z9 = 2(0)=z_, = SV ie Q(u—v) +1 — voltage at the output of 


the nonlinear filter during the time of the pause (sj = -1); z1.and z_, are particular solutions 
of the Eq. (1) in the absence of noise. Obviously, the delay t* in the observation of the posi- 
tive pulses in the absence of noise is determined from the relation Z(t*, z_j) = b1. 

In the presence of noise, zo is a random quantity. We shall assume that the noise is 
small and manifests itself essentially in the initial distribution; we shall assume also that it 
does not influence the trajectory of the representative point. Assume that at the instant of 
time 7 the trajectory passes into the positive region of values through the boundary 
Z(t, z0) = b 1, and a positive pulse is observed. From this relation we can readily find the 
"start" of the trajectory Zo(T). It is obvious that under the assumptions made above, the 
probability of nonobservation of a pulse with duration 7 and shorter is 


Z, (t) 
Dy(t) = \ wh (2) da, (13) 


sett 


where w%o(z) is the stationary probability of the distribution of noise at the output of a non- 
linear filter acted upon by a signal sj = -1 with noise. 

Let us proceed now to linear filtering. Assuming that at the instant of time to = 0 the 
value assumed by sj is +1, we can readily obtain the following equation for the trajectory of 
the representative point at the output of a linear filter in the absence of noise: 


Z (to, 20) = (20 — sje" a 4 ‘ 


Under the same assumptions as above, we can find the probability of nondetection of pulses 
of duration 7 and shorter with a linear filter 


Zo (t) 


D,() = \ wh (2) dz, 


—oo 


where wep (z) is the stationary density of distribution of probabilities when sj = -1; Zo (7), 
which is the start of the trajectory, is obviously 


Z(t) = dyed? —F (eA 1) 


and 
1 1 b 2A 2 
Dwj= z+ 50 pes 0 eV F249]. (14) 
As T varies from zero to o, Dj](t) varies from a value close to unity to zero, under the 
condition ee > #0 - This inequality imposes a limitation on the relay operating 
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2 an 


threshold, namely bj < B/A. Actually, when bi = B/A, when there is no influence of noise 
on the trajectory (which is what we assume), the pulse will be observed at the instant of time 
RP = Co). 

The foregoing theoretical estimates (10) and (12) — (14) were numerically evaluated for 
several specific cases (Q = 0.22; Q= 0.44; 1 =0.9, and vy = 0.1), which were investigated 
experimentally. In [6] are given and discussed the results of the experiment and the theoret- 
ical estimates obtained for these results. The theoretical estimates were in quite satisfactory 
agreement with experiment. 

As was shown above, yis the number of sets of transitions of the noise trajectory at the 
filter output through the boundary per unit time. Inasmuch as the relay has a certain "'dead" 
time and does not respond to each instantaneous transition of the trajectory through the 
boundary, it can be assumed that y yields an approximate estimate of the number of false 
pulses per unit time. According to the experimental data, for linear filtering, yexp exceeds 
y by a factor of 1.2 when Q = 0. 22 and by a factor of 1.3 when Q = 0.44, with bj = 0. On the 
other hand, y obtained for nonlinear filtering differs extremely little from Yep. 

The theoretical estimates obtained for the probability of omission of a signal, assuming 
that the noise does not influence the system at the instant when the leading front of the pulse 
is in operation, were compared with the experimental data. It was found that the effect of 
noise on the trajectory during the time of signal sign reversal leads to a considerable reduc- 
tion in the probability of omission of a signal for small values of tr. At sufficiently large 1, 
the theoretical estimates are in good agreement with the experimental results [6]. 


3. COMPARISON OF OPERATION OF NONLINEAR AND LINEAR FILTERING SYSTEMS 
IN THE CASE OF SMALL NOISE (Q < 1) 


Let us consider the problem of finding the characteristics of optimal receivers for Q<«1 
under the additional assumption that v/Q «1. Obviously, this condition is satisfied almost 
always, even for very small Q, in the case when a single pulse is filtered (v 0). 

The equation for optimal nonlinear filtering (1) can be represented in the form 


dv oe 211 (to) a 4” 
BO Te eg Ts), 


where vy =1+z - 2p (it is assumed that Q «1; v « 2). The equation for optimal nonlinear 
filtering for the case under consideration v/Q <« 1 has the form 


From the last two equations we see that filtering systems behave in principle in different 
fashion at small values of Q, and the smaller Q the greater this difference. 
It will prove convenient in what follows to consider the equation of nonlinear filtering in 


the form 


u ie ee i Bip OP) (15) 


where u=1+ z (it is assumed that z <0, u <« 2). 
During the time of the pause the voltage at the output of the nonlinear filter has the follow- 


ing distribution, which is derived from (15): 


ith. 12 (@is)en 2 
Wo (u) = es Wrene Can. (16) 
T (3 +4) 


Using the method considered above, we readily obtain the following theoretical estimate 
for the number of false pulses per unit time: 


iyi ee (17) 


Let us find the probability of omission of a signal for nonlinear filtering. The equation 
of the trajectory at the output of the filter during operation of the signal has the following 
form: 


0) =— 5 4| e+] 


The statistical spread u(0) can be disregarded, for the width of the probability distribution 
curve is on the order of vQ, and when vQ « 1 + by we can assume that u(0) is a constant 
quantity, u(0) = vQ. The inequality b} > -1 + vQ imposes a condition on the quantity bj. At 
the instant of time tj, determined from the condition u(t1) = 1+ bj, the pulse is observed. 
The probability of omission (the probability of a useful-signal pulse has a shorter duration 
than ti) is expressed in the form Dy = 1 - e-'1, or ultimately 


jo 


Dy=1—QvQ? +0) 2 aN, 


Eliminating bj from (17) and (18) we obtain the following expression for the interdependence 
of the nonlinear-filtering errors 
1 2 
acon (1 — Dn) hu (19) 
At the same time, we can obtain from (12) the following theoretical estimate for the num- 
ber of false pulses per unit time in the case of linear filtering, taking the conditions 
u>v, Q«1, v/Q «1 into account: 


i aay eS e 16v? , (20) 


where bo = bj + B/A. In our case bo = by + 4v/Q. The equation of the trajectory at the out- 
put of the linear filter, during a positive pulse, has the following form: 


dz 4” 
Gigi ee (to). 


Let bg >> o (low noise). We can then assume that all the trajectories start from z(0)=4v/Q. 
As a result 


Dr boQ : (21) 


The characteristic of detecting a signal by a linear system can be readily obtained in the form 


4D 
l 


fates ee er (22) 


It must be noted that the condition v/Q « 1 is used only in the derivation of formulas (20)-(22). 
In those cases when v/Q ~1 or v/Q > 1, the characteristic of signal detection by means of a 
linear system is described by the relation 


= 44D 
2aAN A sorely 
Lf peal ue Dige avai (23) 


Let us find the limit of applicability of formula (20), and hence of formulas (22) and (23). 
As already indicated above, we have dealt in the derivation of formula (9) with a somewhat 
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0 qi iP iin Wi TS 035 «040 D 
Fig. 2. Detection characteristics of a nonlinear 
filtering system (I) and of a linear one (II). 


modified probability density distribution function. The correction factor is equal to unity out- 
side the narrow region along the boundary, the width of which is 1// XK, where for the case 
of linear filtering A = 2/B2Q and K = 1, i.e., 1/VAK= o. 

Formula (20) is obviously valid for by - (-B/A) > 20 or bg > 20, i.e., we have obtained 
a condition for the threshold of the relay connected to the output of the linear filter, a condi- 
tion equivalent in its sense to the condition for the operating threshold of the relay in the non- 
linear system, as obtained above. The latter inequality corresponds to the conditions 
Y1 < 9.108 and Dj > VQ/2. The range of applicability of (17) and (19) is much broader. 

Fig. 2 shows the detection characteristics of the nonlinear and linear systems for Q = 0.1 
and Q = 0.01; v/Q «1. We see from these characteristics that the nonlinear system has an 
undisputed advantage over the linear one in the case of filtering of a single pulsed signal of 
random duration, when Q «<1. The advantage of the nonlinear filtering is all the greater, the 
smaller Q. Using these plots we can find the connection between the probabilities of omission 
and of false detection of a single pulse during an observation time Tg. The probability of the: 


latter error, Pf is expressed in terms of yby the formula Pp =1 - exe Os The time of ob- 
servation Tg is subject to the condition 1/u « Tg « 1/v. 


CONCLUSIONS 


1. In the case of filtering of a sharply asymmetrical rectangular random signal out of a 
white noise, the foregoing optimal nonlinear arid linear filters are characterized by false- 
detection and omission errors, which can be determined from formulas (10), (12) — (14). 
Theoretical estimates of the errors arising during the filtering are in satisfactory agreement 
with the experimental results of [6]. 

2. On the basis of the formulas obtained for the estimates of the filtering errors, we can 
plot the characteristics of detection for various signal-to-noise ratios, and also for dif- 
ferent signal parameters. 

3. If the observation time To satisfies the condition 1/u « Tg « 1/v (in the case of 
filtering of a single random pulse with Q « 1, the nonlinear filter is better than the linear 
one, the difference between the two increasing with decreasing Q. 
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EFFECT OF SIGNAL FLUCTUATIONS : 
ON A RECEIVER WITH AGC 


V.V. Shirokov 


We consider the effect of a signal of fluctuating sinusoidally modulated amplitude on a 
receiver with AGC. The passage of such a signal through the receiver is analyzed for the 
case when additional noise components are present near the sinusoidal-modulation frequency. 
The statistical characteristics of the random process at the output of the receiver are deter- 
mined and considerations are advanced concerning the choice of the time delay produced by 
the AGC filter. 


INTRODUCTION 


In many practical cases it is necessary to determine the effect of a sinusoidally modulated 
signal with fluctuating amplitude on a receiver with automatic gain control (AGC). The AGC 
system, acting on the envelope of the signal, should eliminate the fluctuations as much as pos- 
sible and to change the least the sinusoidal component, for this component contains the useful 
information. It is, therefore, of interest to ascertain the statistical characteristics of the 
output voltage of the receiver and to discuss a rational choice of time delay of the AGC filter. 

In some cases additional noise components appear near the sinusoidal modulation fre- 
quency. This situation obtains, for example, in radar [2, 3], where these additional noise 
components are called "angle noise.’ An estimate of the effect of the AGC on angle noiseis 
found in [3]. Rigorous analysis of the effect of signal fluctuations on real AGC systems, how- 
ever, is not given in this paper. Recommendations are made on the choice of the AGC system 
parameters, starting only from the requirement that the effect of angle noise be reduced as 
much as possible, but no account is taken of the fashion by which real AGC systems eliminate 
the amplitude fluctuations of the signal. 

In the present paper we analyze the effect of a fluctuating sinusoidally modulated signal 
on a receiver with AGC. The problem is solved by successive approximation both in the 
presence of angle noise and in its absence. The mathematical expectation and the spectral 
density of the random process at the output of the receiver are determined, and recommenda- 
tions are made on the choice of the AGC system parameters. 


1. SOLUTION OF THE INTEGRAL EQUATION DESCRIBING THE AGC 


Fig. 1 shows the equivalent circuit of an AGC circuit with delay. The signal from the 
receiver output Upyt(t) is fed to the input of the feedback circuit, the output of which develops 
a regulation voltage E,.(t) which varies the gain of the receiver in such a way as to ensure 
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small deviations of the signal at the output in spite of large changes in the input signal. 

In view of the large delay time of the AGC, the regulated receiver itself can be regarded 
as inertialess and the input disturbance Ujy (t) is assumed to be the envelope of the input sig- 
nal even when the latter is of the pulse type. The feedback circuit is assumed linear with 
respect to the envelope, with a transfer function kjH(w). Approximating the regulation 
characteristic of the amplifier within the limits of the working range, corresponding to the 
steady state of the AGC at a given input-signal level, by means of a straight line we obtain 


Vout (t) = Usn (t) [ky — bE, (é)]. (1) Upfd burl) 
Cc 
We represent the input signal in the form of a 
Fourier integral 
Loop 
: 1c . 4 
Uin (tf) = A Tee \ a (w) eda, (2) 
—co Higeul. 


where A = Ujy (t) is the mathematical expectation of the input signal, averaged over the time. 
The output voltage and the control voltage will be written in the form 


Tout (8) =z | C (a) edo; B, (t) = | Ho) € (0) eit do — hk y, (3) 


where Eg is the delay voltage. 

From the mathematical point of view, the representation of a random process in the form 
of an ordinary integral is not rigorous, but it is acceptable, since we shall be interested in 
the course of the solution in the mathematical expectation and in the spectral density of the 
process, which are connected with the random complex spectrum C(#) by the simplest rela- 
tions (11) and (18). 

From (1), (2), and (3) we can readily obtain an integral equation relating the steady-state 
spectra of the voltages at the output of the receiver and its input: 


C (o) = 


ko + dk, Ey Pirated tx Ouest erties 4 
Tp Ab A(a) 12*AS(0) + a(e)] — 55 \ 1+ AbkH(o)’ (4) 


€ 
where 4(a) is the delta-function. 
We present the solution of this equation, obtained in [4] by successive approximation 
assuming the ratios 0,2/A2 « 1 and m2 « 1 to be small (0, is the dispersion of the fluc- 
tuation and m is the depth of the sinusoidal modulation of the input signal): 


GC (@) = Colo) => Cr (@) => Co) 4 Cs (@) —- = -, 


where 
(5) 
Co (@) = kA 206 (); C1 (@) = HL (0) a (@); 
C2 (@) = —H, (©) ( a (s) a (o —'s) H, (8) ds; 
Cs (@) = H, (0) (xz) \\ a (s‘) a (s — 8’) a(@ — s) A, (s) H, (s’) dsds’ 
Here 
ko hbk By 
Lan Aba (6) 
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k (7) 
av A 
HL (©) "Tt Ablalt (a)? 
Ho) (8) 
= T+ AbkyH (@)* 


This solution makes it possible to obtain the statistical characteristics of the random 
process at the output of the receiver in the cases of interest to us. 


2. EFFECT OF SIGNAL FLUCTUATIONS ON THE AGC SYSTEM 


The signal at the input of the receiver, and the absence of angle noise, can be repre- 
sented in the form 


Uin (t) = A (1 + moos Qt) [4 + & (t)] = 
= A-+ Amcos Qt + AE (t) + AE (ft) m Cos QE, (9) 


where Aé (t) is a stationary random process and is the frequency of the sinusoidal modula- 
tion of the signal. 

As can be seen from (9), the signal at the input is a nonstationary random process, the 
mathematical expectation and dispersion of which are periodic functions of the time. Thus, 
the problem reduces to an investigation of the effect of the nonstationary random process on 
a nonlinear system. To find an exact solution is quite difficult in this case. We can, there- 
fore, use successive approximations of (5), obtained for the voltage spectrum at the output, 
where in lieu of the function a(®), which is the spectrum of the AC component of the input 
signal, we substitute in accordance with (9) 


a (o) = a1 (0) + Ama [6 (o + Q) + 6 (o — Q)) + 
[ar (o + Q) + a (o — Q)], (10) 


where aj () is the spectrum of the process Aé (t). 

The solution obtained in this manner for C (w) enables us to determine the characteristics 
of the random process of interest to us, at the output of the receiver. Actually, the mathe- 
matical expectation of the voltage at the output can be found from the relation 


| c 77 
Cour Os \ C (w) edo. (11) 


Substituting the expression for C(w), we find that the mathematical expectation of the out- 
put signal, accurate to terms of third order, will have the form 


eT Tay : mAb 
Tout () = ky {1 — pT Re LH, (Q)] — 


b m 3 
AL + dbh) 20 \ bab MORSE re [Hoof 2) e#"] + 


, mAb 


1 


Re [Hgq(2Q) I, (Q) e252" i} ; (12) 


2k 
av 


In the derivation of this expression we used the relation, which is obvious for a stationary 
random process, 


a1 (@) ai(w’) = g (@) 2106 (@ + @’) 


te 


where g(W) is the spectral density of the fluctuations Ag(t). 
The random process at the output will be nonstationary. In view of the fact that at the 
output of the receiver one connects usually circuits with large time delay, circuits which 
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average the random process with respect to time, a sufficient description of the output volt- 
age will be provided by the spectral density, corresponding to the time-averaged correlation 


function. Then, as was done in [4], the spectral density Sout (©) can be found from the rela- 
tion 


[C (o) — C ()] [C* (@’) — C* (@’)) = 2H yy (@) 8 (@ — o'). (13) 


The wavy line denotes that we choose in the mathematical expectation the terms correspond- 
ing to the time-averaged correlation function. 


Substituting in (13) the solution for C(w), we obtain the first approximation for Zout () 
in the form 


Bouts (©) = |Feq(o) I°g (0). (14) 


Thus, in the first approximation the AGC system acts on the signal fluctuations as a 
linear system with a transfer function determined by formula (7). In analogy we can obtain 
the correction to the first approximation. We shall not give the complete expression for the 
value of this correction, since it is too cumbersome, and we shall use the fact that the out- 
puts of these receivers usually are connected to narrowband filters, tuned to the frequency 
© . We shall, therefore, be interested only in the fluctuation components near this frequency. 
Assuming that the bandwidth of the fluctuation spectrum at the output is narrower than the 
frequency range 0 — 2, we find that near the frequency © the spectral density of the output 
voltage will have the form 


Ag out (0) =| Lo)? g (@ — 2) (A%? [| Hy (o— Q)? +H, (2) P+ 


+ 2A*b? Re [Hy (w — Q) H, (Q)] — 24d Re [H, (o — ®) + A, (Q)]+ 1} (15) 
Formula (15) enables us to calculate the spectral density of the voltage near the fre- 

quency for all ordinary parameters of the AGC system. In the case when these parame- 

ters are chosen so as to obtain a minimum distortion of the sinusoidal envelope of the signal, 


we should, as follows from (12), (7) and (8), satisfy the conditions 


| ( 2) P=: (16) 
| Hy (£2) f~0. 


If these conditions are satisfied, formula (15) simplifies considerably: 


Ag 


2 

out (©) & 5-8 (@ — Q) | Heo — Q)). (17) 

It should be noted that formulas (15) and (17) are obtained under the assumption that the 
spectrum of the fluctuations at the input, A€ (t), has such anarrow bandwidth that the components 
of these fluctuations near the frequency ® are practically equal to zero. But this assumption 
may not be satisfied, since for small values of m the components Agoyt(“) which we have 
calculated may prove to be comparable with or less than the components of the fluctuations 
A& (t) which we obtain near the frequency &. These components, however, can be taken into 
account by using the first-approximation formula. 

If conditions (16) are satisfied, then part of the spectral density, due to presence of these 
components near the frequency 2, can be regarded as approximately constant and equal to 


A gnlo) = 2h yg (Qe (18) 


This means that AGC does not affect at all the components of the spectrum of the fluctuations 
of the input signal A& (t) near the frequency &. It can be shown that this estimate of these 
components is sufficient. 

Taking the foregoing into account, we must bear in mind in these formulas and all that 
follow, that the complete expression for the components near the frequency 9 will be 
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Ag () = A gout (0) + 2h2y8 (2) (19) 


From the relations (14), (15), or (17) it follows that the better the AGC system eliminates 
the fluctuation components near w= 0, the better the elimination of the components near 
w= 2, which occur in the spectrum of the input signal due to the sinusoidal modulation of the 
fluctuating signal. From this point of view, it is advantageous to reduce the time delay of 
the AGC system to a limit determined by the permissible distortions of the sinusoidal envelope 
of the signal. However, the entire preceding analysis was based on the assumption that there 
are no angle noises, whereas the distance to the target is decreased these begin to play an 
ever more important role. The characteristics of the fluctuations at the output in the pres- 
ence of angle noise will be derived in the next section. 


3. EFFECT OF SIGNAL FLUCTUATIONS ON THE AGC SYSTEM 
IN THE PRESENCE OF ANGLE NOISE 


The signal at the input of the receiver, in the presence of angle noise, can be repre- 
sented in the form [3] 


U;, (t) = AM + & ())] (1 + moos Qt] + h(t) cos Qt = : 
= A+ Amcos Qt + AE (t) + AmE (t) cos Qt + h (t) cos Qt, (20) 


where h(t) is a stationary random process with zero expectation value. The component h(t) 
cos Qt appears because of the presence of angle noise. We note that the random processes 
h(t) and &(t) are independent. 

An analysis of the effect of a signal of this type on the AGC system can be quite analogous 
to the preceding one. In this case the spectrum of the AC component of the input signal will 
have the form 


a (@) = Ama [6 (o — 2) + 6 (@ + Q)] + ai (o) + 
+ la (o + Q) + a ( QI] ++ 1b (o + Q) + b (@ — Q)], (21) 


where b(w) is the spectrum of h(t). 

Substituting (21) in (5), we obtain a solution for C(w), and by using this solution we deter- 
mine the characteristics of the random process at the output in the case under consideration. 
It is assumed here that op2/A2 « 1, where op? is the dispersion of h(t). 

The mathematical expectation of the output voltage will be described, accurate to terms 
of order m2 and og? inclusive, by formula (12), while the first approximation for the spectral 
density is given by (14). Without citing the complete expression for the spectral density of 
the signal at the output in the second approximation, we are interested as before only in the 
fluctuating components at the output near the frequency 2, for the case of a narrow-band 
fluctuation spectrum at the output near ©=0, and in the case of AGC system parameters of 
the sinusoidal envelope of the signal (16). Then the spectral density of these components will 
be given by the formula 


m2 


Agour (0) ~ 5g (o — Q) |H,(o — 2) + 
he p2 in 
+ -[¢,(0 — 2) + = | 8 (9) 8,0 —s — 2) | Hr (9) Pas}, (22) 


=O) 


where gp( - @) is the spectral density of the angle noise at the input. 

The first term in this formula represents the spectral density of the fluctuations at the 
output in the absence of angle noise. The second term represents the spectral density of the 
angle noise, which would obtain at the output were the AGC not to eliminate the fluctuations at 
all. We are particularly interested in the last term, which is the convolution of the spectral 
densities of the control voltage and of the amplitude fluctuations of the input signal. It appears 
physically because of multiplication of the random components of the control voltage with the 
angle noise ,a multiplication that takes place in the AGC receiver. 

Analysis shows that the better the AGC system eliminates the fluctuation components near 
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the frequency w = 0, the greater the intensity of the additional fluctuation components near 
w®= Q, arising as a result of the angle noise. 

Since we may not be interested in the eliminated components near w = 0, owing to the fact 
that they do not enter into the pass band of the output filter, it is expedient to increase the 
inertia of the AGC so as to reduce the effect of the angle noise. It must be borne in mind, 
however, that this will bring about an increase in the intensity of the components that occur 
near the frequency w= & also in the absence of angle noise (the first term of formula (22)). 
Therefore, the question of the choice of the inertia of the AGC must be solved by compro- 
mise, taking into account the passband of the filter at the output of the receiver, as will be 
done below using as an example an AGC system with first-order filter. 


4, EFFECT OF SIGNAL FLUCTUATIONS ON AN AGC SYSTEM 
WITH FIRST-ORDER FILTER 


Let us consider an AGC system, the feedback loop of which is described by transfer 
function 


k 
kyH (0) = Th jer , (23) 


where T is the time constant of the AGC filter. Let the amplitude fluctuations of the signal 
(in the absence of angle noise) have the spectral density 


g (@) = 2a02/(a? + o), (24) 
which corresponds to a correlation function of the form 
R(t) =o2e 7!" (25) 


where 1/a = T¢ is the time of fluctuation correlation. Taking (21) into account, we can rep- 
resent (7) and (8) in the form 


ky 
(1 + Abky) (1 + joy : 


Hie) =k ee H,(o) = 


eq avi Adhy) C+ 70E) , (26) 


where Teg = T/(1 + Abkj) is the equivalent time constant of the AGC system. Then the math- 
ematical expectation of the process at the output will have the form 


9 


f m=> 9 
CRO) = ees — ad 
out (!) = haya at oT bh ada) 


! mV ARR a. cos (Qt — g)} 
(+ Ab) Vi1+ ee 


(27) 


We have omitted here the terms representing the second harmonic of the regular envelope of 
the input signal, and the phase shift ¢ is defined by the formula 


QT 
@ = are tg T+ OT? . (28) 


Recognizing that usually Abk1 >.1, we can write, with accuracy sufficient for practical 
purposes, 


Co eek A\i sai AUG HAE GF ot. (29) 
. ay (1+ Adley) Vit + 273, 


This expression coincides with the formula for the output signal, obtained in [1] for the case 
where there are no fluctuations. This means that if the idealizations introduced here are 
fulfilled, the fluctuations hardly affect the mathematical expectation of the output signal. 
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Using (14), we obtain an expression for the components of the fluctuations at the output 
near ®= 0: 


20701 kay(t + of?) 
Sout 1 () ~ g2+ @? (1 + Abky)? (4 + ot “ 


(30) 
If the parameters of the AGC system are chosen from condition (16), which in our case 
reduces to satisfaction of the inequality 
Sil 
QL > 1, (31) 


then the total’expression for the components of the output fluctuations near the frequency 
w= Q are determined by using (14) and (19): 


a mona kL + (@ — Q)?T?] 4k? 2 (32) 
8) = TEE OM Wf Abe Lt + OPE ee 


For the more general case of arbitrary Teq, formula (15) must be used. The form of the 
spectral density of the fluctuations at the output is shown in Fig. 2. From the relations ob- 
tained it follows that in the absence of angle noise the 
smaller the equivalent time constant Teq of the AGC, 
the better are the fluctuations eliminated both near 
w= 0and near w= 2. The reduction in Teg is limited 
here by the requirement that the distortion of the sin- 
usoidal envelope of the signal be minimal. 

w In order to estimate the dependence of the inten- 
sity of the fluctuations at the output on the parameters 
Eo a. of AGC system in the presence of angle noise, let us 
calculate the dispersion of the voltage at the output of 
the receiver. Assume that the output of the receiver is connected to a narrowband filter 
tuned to the frequency 2, with a bandwidth Awg= 27 Afs. We specify the spectral density of 
the angle noise in the form: 


(0) Mav 


es Js 


2 
26,0 


8, (@ — Q) = [o® + (@— Q)] ° (33) 


To simplify the analysis we assume the correlation time of the amplitude fluctuations to 
be equal to the correlation times of the angle noise. Recognizing that in practical circuits 
the bandwidth of the output filter is usually much narrower than the bandwidth of the fluctua- 
tion spectrum, we obtain, by using the above-derived relations for Ag(w), the following 
expression for the dispersion of the process at the output of the filter 


AofTeg 
er a eo) ie 1 Roig 2 
Sout m kayal'c A fe 1 | 1 bose | Wy Ere ae 
2? %  1+4+20Teq | , “kavoad/e 
+ kay % Tc Afs tor os 20 +4 bq? } 2 + @2 A (34) 


The first term in this formula represents the dispersion of the output voltage in the absence 
of angle noise, the second term represents the dispersion component due to angle noise, and 
the third term is equal to the dispersion of the output voltage resulting from the direct 
passage of the components of fluctuations of the signal A€ (t) through the filter (the spectral 
density of these components at the output of the filter is given by formula (18)). 

An analysis of the obtained expression shows that to reduce the influence of angle noise 
it is necessary to increase the equivalent time constant Teg of the AGC. However, if we 
choose Teq so large that the condition AwfT gg > 1is eaten then the dispersion component 
proportional to m2, which exists also in the absence of angle noise, increases rapidly. In 
addition, the choice of equivalent time constant for the AGC is limited from above by the 
permissible transient time in the AGC receiver, namely tg ~ 2.3 Teq. Thus, the following 
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conclusions can be drawn regarding the choice of Teg: 

1. In the case when there is no angle noise, it is advantageous to reduce Teg to a limit 
determined by the permissible distortion of the regular envelope of the signal. 

2. To reduce fluctuations in the errors due to the angle noise, it is necessary to choose 
Teq So as to make the ratio Teg/Te as large as possible. 

3. It is undesirable to increase Tgq to values for which the condition Aw fl eq 2 1 begins 
to be satisfied, since this increases the fluctuation errors proportional to m2. In addition, 
the increase in Teq is limited by the required transient time in the system. 

4, In a quantitative estimate of the intensity of the fluctuations at the output, it is neces- 
sary to take into account the components of the fluctuations of the signal A& (t), components 
which fall directly in the passband of the output signal, for they can play an appreciable role 
at small values of m. The AGC does not eliminate these fluctuation components if the param- 
eters of the system are chosen to satisfy the requirement of minimum distortion of the regu- 
lar signal envelope. 

The question of the final choice of Teg must be solved in each specific case by a compro- 
mise, depending on the requirements imposed on the receiving apparatus, taking into account 
the considerations given above. 


CONCLUSION 


We have considered the effect of a sinusoidally modulated fluctuating signal on a receiver 
with AGC, having a filter of arbitrary order. We analyzed the case when angle noise is 
present in addition to the amplitude fluctuations. By way of an example, we consider an AGC 
system with first-order filter. 
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ON THE DETECTION OF FREQUENCY 
MODULATED OSCILLATIONS 


V.K. Turkin, G.A. Levin 


We derive asymptotic formulas which greatly facilitate the calculation of the functions T 
and U. 


In [1] we introduced new types of special functions, which in our opinion are of interest 
for the theory of detection of frequency-modulated oscillations. These functions are defined 
by the formulas 


Jn (m) Jn— 
Te (m, «) Laws Da eeay at (m) ; () 


n=—oo 


eee 
Uy (m, on) > >| se un) ° (2) 


n=—©co 


Here k is a positive integer, uw an integer, m a real number, oa an arbitrary (real or complex) 
number, and Jy(m) [as well as J,_,,(m) and Ju -n(m)] is a Bessel (cylindrical) function of the 
first kind. The use of functions rey and (2) os the design of an FM detector is discussed in 
[1]. 

We have derived several formulas (see [1]) to facilitate the tabulation of the functions (1) 
and (2). On the basis of these formulas it is sufficient to consider only values of the index p, 
equal to zero and one. The quantity m can be assumed to be positive. The real part of num- 
ber a can be assumed to lie between zero and two. The imaginary part of a can be assumed 
negative. Thus, the totality of the values of a, for which the functions (1) and (2) should be 
tabulated, is defined geometrically by the region of the complex-variable plane shown in the 
figure. 

In view of the fact that this region extends to infinity, we must 
have asymptotic formulas for a more or less simple calculation of 
the values of the functions (1) and (2) when the imaginary part of a 
is negative and quite large in absolute magnitude. Formulas of this 
kind are given in [1]. 

In the present article we derive asymptotic formulas of differ- 
ent form, more convenient for the calculations. 

We assume that [a| is a very large number; this assumption is 
indeed what takes place in cases of practical interest. In addition, 
we assume that In(a@) < 0. The latter assumption is indeed no 
limitation, inasmuch as (see [1]) 


imaginary 
axis 


_ real axis 


Ty. (m,—a) = (—=1'* 7© (nya +p), 
Ux? (m, — a) = (—1)° 0© nm, «a + im). 


We thus assume thata= o0-iwp, where p>0. We start from an integral representation of 


the function (1) 
‘iby (m, a) = (—1)* ok yetk 2 4)? a*—P I oes ay, — p* 
(ANT agep J) 2 Gece 
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where 
A—1 


ax= 2) (—1)°CXL (0 — 9) 


Y=0 


(C.4 denotes the binomial coefficient) and 


I,= \ Ze 29)? 7 (2m sin z) dZ. 


0 


We assume that lal is a very large number. Obviously 
N= ue dz, 
0 
where 


We Beet ye (2st) 


Integrating by parts we get 


he Daten Ee eae 1 ( dttty eo 2itt gy 
aa | dz® ia)" dm 


As already mentioned, we can assume that uy > 0. In this case, when v < ., we have 


eee 
dz” 


—— e—2iez — — (O}s 


This result is obtained in the following fashion. By the Leibnitz rule 
é 


a” J, (2m sin z) 


4 = 3 A () a eee 


and none of the functions Ay (z) has singularities at finite values of z. Further 


aS, (2m sin 2) ak Jy ls 
Sty le 


where y= 2m sin z; the functions Bx (z) also have no singularities at finite values of z. Con- 
sequently 


du - a’J,, (4) 
= C Zz = ’ 
dz” 2 r (2) dn 


where the functions C;(z) have no singularities for any finite values of z. 
From the formula 


(= ACs Din ea) 


gg 
Sle 
< 
I 
i) 
‘<. 
M-< 
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it follows that 


d’ M : 
=a = >) D,. (2) Jy—v+or (2m sin 2), 
r=0 


with the functions D;(z) having no singularities for any finite values of z. But since 


Jn (0) = ( when n = O, 
0 when n> 0, 
we have 
7 du ; i d™ y ; it ’ 
ri e—2iaz — () (v Ke 1) | ras e—2iaz — Ds (2) e—iaz 
0 OME 4 0 
Let us calculate Dg (z). Obviously 
de Bl d® J, (2msin z) ._. dz (2msinz) 
e = DA) meas ee oe 
r=0 
Furthermore 
d* J (2m sin z) ere d* J, (nN) 
ca es See oe 
a pes + Omoossyp SEO 
Consequently, 
ve x ; Gandiea (ay 
a ue = 36 Ge uO) + 2 ee (2m cos Pyeaiiecd Seay 
dz* 
We find that 
Do (z) = a e*2 (2m cos z)*. 
Thus 
Do (2) e222 = mp (e—27%a _ 1), 
0 
if s=0 and 
Do (2) e—242 = m8 mb e—27ia, 
ifs>0. From this it follows that 
Ty = ——____ mt (c~2n12 _4) < 1 | du 
i ae — SaaS e—2iaz 
(2ia)h 2, (2ia)?* | dz dz® of 
Sales ioe an tty —21az d 
(2ia)"+1 dg © Z. 
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For the integral in the right half of this formula we can write 


TT ™ 


e—2iaz dz) — Grie 
dz? 
0 


eget o-Wadz | <a \ | ier dz 
0 


dz” 1 


( Hy 
\ dtl 
0 


The integral of the right half of this formula is independent of ~. Consequently, for all values 
of wu, m, and s the expression 


Bs m1 
tds 
(2ia)" : dgntt 


can be made as small as desired in absolute magnitude, provided we take la| sufficiently 
large. We thus arrive at the asymptotic formula 


4 


Y (hee eee eS ee m» (e—2nia — 1) — 1 di thy e—2iaz __ 
: (Qian) Gia? | aa t 
Tu Tt 
4 kT 2 ae ees Sa dru eiaz_ 
(2ia)' +3 | dz¥t2 (Qia)"*4 | dz” 


In the case when s > 0 we obtain quite analogously the formula 


vw 
e+ 1 
oe oa Lee. LET teats d g = e—2taz 
(2ia)? +4 (2icx)*+2 | az 
4 a7 
mr 
aS pe dhtey Cate 4 diu e—2iaz, 
(2ia)? +3 i dz 8 (2ia)" +1 t dz” 


Let us proceed to derive analogous asymptotic formulas for the function (2). We start in this 
derivation from the integral representation of the function 


yy) — (1) 2k s pogm ox Te ee oe 
Be (™m, a) = (— ) U 2 ) al (k — B)! B—-1 2 fen ey 


? 
where 


Kee (2 ellu—ea)z J, (2m cos 2) da. 
0 


It is obvious that 
KK = \ ve—2iaz dz, 
0 


where 
vy = zZev2J,, (2m Cos 2). 


Integrating by parts we obtain 


4 cid 
n e nt 
== eS Py ea 2iaz ai ema ae d : g e—2iaz dz, 
a (2ia)°t! | az® (2ia)"t2 J ahh 
8=0 0 0 
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Let us calculate the first term in the right half of this formula. Obviously 


ve—viaz — | 28 eilv—2a)z J, (2m cos z) = J, (2m) (e*!# — 1), 


0 


ele A 


if s=0 and 


pe—2az = i* ti (2m) e—2ria, 
0 


ifs >0. The term containing the integral in the right half of the formula for K, can be made 
as small as desired in absolute magnitude, provided we take || sufficiently large. We ob- 
tain, consequently, the following asymptotic formulas (s > 0) 


J, (2m) +) Aides 
eS OS —2nia ee Aw oe ee 
Ko TI 1) — arayF | az © : 
0 
4 r d*v - 1 [a v : 
ef Ee ee eae giaz __ 
(2iay® | “az® & ae (2ia)"*1 | a2” nlf tea 
0 F 0 
Ko ee Oe ie ee 
: 2ia (2ia)? | dz 
0 
4 ee ee ck SDS a 


~ (2ia)® | dz® (2ia)"*2 | az” 
0 0 


If we confine ourselves in the asymptotic expansions to the initial terms, we obtain the 
approximate formulas (s > 0) 


ia = m* (e272 __ 1), I,~ A 


* 1 m* ia 


~~ (ight 
J, 2a) as a8 J,, (2m) : 
Ky ~ Ey (e271), Kye RE gta, 


The formulas obtained simplify the calculation of the result of the detection of frequency 
modulated oscillations, compared with the formulas given in [1]. 
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ON THE THEORY OF DETECTION OF COMPLEX 
FREQUENCY MODULATED OSCILLATIONS 


G.A. Levin, V.K. Turkin 


A theory is given for the detection of frequency modulated oscillations for the case when 
the modulating function is an arbitrary periodic function of the time. The results of reference 
[1] are generalized. 


In the present article we consider the detection of complicated frequency-modulated oscil- 
lations of the form 


u = A cos [wot + f (t)], (1) 
where f(t) is a periodic function. Replacing f(t) by a segment of its Fourier series, we can 
write for Eq. (1) approximately 

u = Acos [ oot + Sy (mx sin kQt + m, cos kQt) J. (2) 
k=1 
We shall henceforth find it more convenient to use the complex notation; we therefore 
use in lieu of (2) 
s 
u = Aexp ifoot =F > (me sin kQt + m; cos kQe)]. (2) 


k=1 @ 


Expression (2') can be broken up into harmonics, the amplitudes of which are expressed 
in terms of hypercylindrical functions (Bessel functions of several variables) 


co 
u=A >» I a(Mi, Megs = 71s; Weg, 5 < vg, eM nay (3) 
n=—o 
where 
+ esa Cie Sis Bh oa BO LPR mM; Mm, soy ,) = 


=o5 \ exp aby (m, sin rp + m,cos rp) — nr dg. 


—n r=1 


We shall henceforth denote this hypercylindrical function briefly by Jp(my, m'y). 

We assume that the complex frequency-modulated oscillation (2') is applied to a frequency 
detector, which at first supplements the frequency modulation with amplitude modulation, and 
then subjects the result to amplitude detection. Amplitude modulation converts (3) into 


v= A SS) Onda (mr m,) eertnayt, FP 
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where by, is the coefficient of amplitude modulation (in general, complex). 
The frequency and amplitude modulated oscillation (4) is applied to an amplitude detector; 
if the characteristic of the latter has the form I= f(v), then 


I= f[A >} ban (rms, m,) eltortnan, (5) 


n=—oo 


In the case of a quadratic characteristic f(v) = Yo + yv2, we obtain the formula 


I oe To ai ‘- S [ s by Dn—p In (my, m’) Vina (mr, m’) | ep Qt + 
p=—co n=—oco 
a = s [ S) ‘De, Dun St (m,, m.,) Wee (m,, m,)| Ei(20ot+2Q)t, (6) 


p=—co N=—CO 


Consequently, when expanding (6) into harmonics it is necessary to calculate the expres- 
sions 


> On On—p Sin (Mr m.)In—p (Mr, m,), (7) 
> By byp—n dn (Mr, 1) Jpn (my, ™,). (8) 


n=—oo 


In the calculation of expressions (7) and (8) it is necessary to know the dependence of the 
coefficient of amplitude modulation bn on the number of the harmonicn. The greatest theo- 
retical and practical interest is attached to the case when bp is a rational-fraction function of 
n (in most cases this rational fraction can be considered to be regular). This case is en- 
countered whenever one deals with amplitude modulation with the aid of an electric network, 
described by a system of linear differential equations with constant coefficients (we are con- 
sidering steady-state oscillations). In this case the product bnbp-y and bnby-n can be broken 
up into terms of the form c/(n - ak, where k is a positive integer; a is the root of the poly- 
nomial which is the denominator of the regular rational fraction under consideration, and c is 
an arbitrary number (k, a, and c are independent of n). Consequently, the expression (7) 
can be broken up into terms of the form 


co 


cy) ee m,) In—y (mr, m,), 


sane (n— a) 


where C is independent of n. Analogously, expression (8) can be broken up into terms of the 
form 


Cc nl : 
D ae, sae Jn (mp, M,)Jy—n (Mr, mM), 


where D is independent of n. 
Thus, we must find a method for calculating the expressions 


co 


1 


k) , , , 
Ty. (mr, m5 y) me iaaganae Jn (m,, m,.) Jn (mr, m,), (9) 

7(k) ’ ee 4 . 3 
Uy" (mp, m,, %) = 2 ae Jn (mr, M,) Jun (Mr, M,). (10) 
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To calculate expressions (9) and (10) one can use the theorem for addition of hyper - 
cylindrical functions, which can be represented in the form: 


co 


Dy Or Ia Me, dns Pry P,) = 


= n=—0o 7 . , (11) 
= J, (m,cos rp — m, Si Tp — pr, m,Sin Tp -- m, cos rp + p.). 


By integrating with respect to p we obtain from (11) an integral representation of the 


* function T,@) (T;; mi";, Oo): 


“G ; { Cede ae 
TS (Mr, mas a) me rs \ GPP Ls (m> cos rp — m, Sin Tp — 
é =~ — 
0 


— my, m, Sin rp + m'cos rp + m)) dp. (12) 


The integral representation for Ty(k)(my, m'y, a) when K > 1 is obtained from (11) by 
differentiating with respect to a. 

Let lal be quite large (this is precisely the case of practical interest). We then obtain 
from the integral representations for the functions Ty(k) (mr, m'y, @), by integrating by 
parts, asymptotic expansions for these functions. If we take only the initial term in the 
asymptotic expansion obtained from (11), we obtain an approximate formula (which is suit- 
able when |a@| > 1) 


TO (mp, Mra) ~—J, (0, 2m’). (13) 


Formula (13) holds true if Im (2) < 0; this condition is essentially not a limitation, for the 
case Im (a) > 0 can be reduced to the case Im(@) < 0 with the aid of formula 


T® (iy, Mp, @) = (—1)* TH(— m,; m}; a). 


The values of the hypercylindrical function can be calculated relatively easily with the 
aid of a series obtained from the foregoing integral representation of this function. 

The integral representations and the asymptotic expansions for the functions (10) can be 
derived analogously. It is necessary to start heré from the theorem for the addition of 
hypercylindrical functions, written in the form 


loo} 
>) en, Jn (My, m’) Jun (Dr; P,) == 
n=—co 
= J, (m, cos rp — m, sin rp + pr + m,sin rp + m, cos rp + p.). 


The formulas obtained make it possible to calculate in practice the detection of frequency- 
modulated oscillations in the case when the modulating signal is an arbitrary periodic function 
of the time. 
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AUTOMATIC PHASE CONTROL WITH DELAY 


V.A. Shpolyanskiy, L.S. Tyufyakin, * P.P. Korsakov 


An automatic phase control system is considered with a bandpass amplifier in the con- 
trol loop. The special operating features of such a control are due to the presence of addi- 
tional delay in the loop. The stability, the interference immunity, and the quality of the 
regulation in such a phase control system are investigated, and the possibility of improving 
its dynamic and filtering properties by introducing a derivative control is analyzed. 


INTRODUCTION 


A system of automatic phase control of the frequency, with a bandpass amplifier tuned 
to some intermediate frequency included in the control loop (Fig. 1), has been in extensive 
use in recent times. The need for such an amplifier arises as a rule at centimeter wave- 
lengths, when the reference signals are weak oscillations of molecular generators or higher 
harmonics (usually also weak) of crystal-stabilized generators. Analogous systems are used 


also in radio receivers when the automatic phase control of the system is based on the re- 
ceived signal [1-5]. 


Bigs t Pig. 2 
Fig. 1. Block diagram of automatic phase control 
system: 
1—mixer; 2—intermediate frequency amplifier; 3— 
phase detector; 4—standard generator for inter- 
mediate frequency oscillation; 5—controlling element; 
6—tuned generator; 7—low-pass filter. 


Fig. 2. Proportional-integrating filter circuits 


Tip +4 
(Kg (p) = Tot) :a—Ti=(Rit+R)C, T2=R,C; 


b—T1 = (C,4+C,) R, T2= RC, 


The presence of an amplifier in the automatic-frequency-control loop changes in many 
cases (primarily as a result of the delay produced) the properties of the system and makes it 
necessary to take these changes into account. The effect of delay on a phase control system 


*Deceased . 
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has been the subject of several papers [1, 3, 4].* However, discussion of the dynamics of 
systems with delay in the published literature have been limited to an investigation of the sta- 
bility and of the locking band of the simplest system of automatic phase control with inte- 
grating RC filter, which, as will be shown below, has the worst characteristics if the delay 
is to any degree appreciable. 

One way of improving the dynamic characteristics of delay systems is, as is well known, 
the introduction of derivative control. The use of the combined frequency-phase automatic 
control for this purpose results in appreciable benefits [5]. An analogous effect can be 
attained also by simpler means, introducing a derivative control into the automatic phase 
control system, with the aid of a proportional-integrating filter [3] located past the phase 
detector (Fig. 2). The present article is devoted to an analysis of the dynamic and filtering 
properties of such a system. 


1, TRANSFER FUNCTION AND STABILITY 
OF THE AUTOMATIC PHASE CONTROL SYSTEM 


If the transfer function of a multi-stage passband amplifier in its usual form [11] is 
taken into account in the initial differential equation for automatic phase control, the order of 
this differential equation is appreciably increased, so that the subsequent investigation be- 
comes quite difficult. To simplify the problem somewhat we can take into account the time 
delay introduced into the automatic phase control system by the IF stages, by replacing the 


IF amplifier with a pure-delay link with a transfer function in operator form K,, = K,e™™, 
where 73 is connected with the passband of the n-stage amplifier Afy 7 by the well known 
expression 


n Tae ag 
ie yi Apa ; (1) 


Ko is the maximum gain. The accuracy of this approximation, in terms of the frequency 
characteristic, does not exceed 10% even when n > 3. 

To determine the stability and the filtering characteristics of the automatic phase control 
system, we make use of the operator transfer function W(p) of the system, linearized with 
respect to small deviations (from the synchronism position) due to random changes in the 
frequency of the tuned generator or due to fluctuation noise. 

Recognizing that 


4 


A@n (Pp) 
W = — : 2 
(?) AQ (P) (2) 


where Awg(p) is the variation of the frequency of the tuned generator (initial signal); Awy (p) 
is the variation in the frequency of the tuned generator due to the automatic phase control 
system (response), we obtain, by virtue of the structural diagram (Fig. 1) 


ia 4 
Se (3) 
1 + Nop Kelp) 
Awp is the holding band of the system, equal to the product of the maximum transfer function 
of all the system elements in the synchronism mode; Kg (p) is the normalized transfer function 
of the low-pass filter. , ; 
Substituting in (3) the operator transfer function of the proportional-integrating filter and 


going to dimensionless parameters, we get 
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*After submitting this paper to the editor, an interesting paper appeared [10], 
devoted to an investigation of the stability of an automatic phase control system for an 
arbitrary low-pass filter circuit. 
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where 


A eee (4a) 


Using the Mikhailov criterion, we find that the automatic control mode is stable if the 
delay in the system does not exceed 
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In the case of an integrating filter (Ag = 0), expression (5) yields the well known value for 


the critical delay time in an automatic phase control system, and the stability conditions 
[1, 3, 5]: 
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or As<A,=1 (6a) 


When 4; > 1. An analogous limiting expression can be readily obtained also for a system 


with proportional-integrating filter with sufficiently large time constants Aj > 1 and Ao > 1. 
Here Eq. (5) simplifies to the form 


a 
Aso = Aser + >a) (7) 
or, by virtue of (6a), 
d 1 
Aser = 1 + se (7a) 


It is easy to see that the use of a proportional-integrating filter increases the value of the 
critical delay time compared with its value in a system with integrating filter. 

The gain in Agcy is determined here, for sufficiently large Ay > 1 and Ag > 1, by the 
magnitude of their ratio 7, and if sufficiently small values of are chosen this gain may prove 
to be considerable. 


To estimate the influence of the proportional-integrating filter on the critical delay, we 
can use the plot of Fig. 3, based on formula (5), for several fixed values of 7. 


In practice, interest frequently attaches to the dependence of the critical value of the 
passband of the n-stage IF amplifier (i.e., the band at which 43, introduced by the IF 
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10 102 103 
Fig. 3 Fig, 4 
Fig. 3. Dependence of critical delay time on the filter parameters 
Ay and 7. 
Fig. 4. Dependence of the critical band of the IF amplifier on the 
filter parameters Aj and 7 for an n-stage tuned IF amplifier. 
Solid curves —n = 1; circles —n = 10. 


amplifier, is equal to Agcy) on the parameters of the low-pass filter. 

This dependence, plotted in Fig. 4 with account taken of (1) and (5), shows that the mini- 
mum permissible passband, from the point of view of stability, can be considerably less than 
the holding band of the system. 

This circumstance, as will be shown below, makes it possible to increase the interference 
immunity in many applications of automatic phase control, by suitable choice of the system 
parameters. 


2. INTERFERENCE IMMUNITY OF AUTOMATIC PHASE CONTROL SYSTEM 


As is well known, one of the factors that limits the accuracy of an automatic phase con- 
trol system is the effect of fluctuation noise, which causes random variations of the phase of 
the tuned generator. 

The effect of this action has been calculated, for automatic phase control systems with- 
out delay, in many papers [3, 6, 7] under the assumption that the noise is white. However, 
the presence of delay prevents us in some cases from using the deductions of these papers 
concerning the filtering properties of the automatic phase control. 

In addition, in many automatic control applications where initial synchronization is possi- 
ble, the IF bandwidth can be reduced to values considerably less than the holding bandwidth 
of the system, so that it becomes necessary to take into account the influence of the frequency 
characteristic of the IF amplifier on the input-noise spectrum. 

Let us consider the filtering properties of automatic phase control under the aforemen- 
tioned circumstances, assuming that the noise is a fluctuating voltage generated in the mixer— 
IF amplifier system. We are interested here only in tuned-oscillator phase fluctuations due 
to changes which this noise introduces into the phase of the incoming signal. 

Assuming the noise level to be sufficiently small compared with the threshold signal, we 
can assume that the dispersion of the phase of the signal at the input of the phase detector is 
given by the expression 


Ty2 
er ee eed 3 
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where us Py, Ugir, and PgiFf are respectively the mean-square values of the noise and 


signal at the output of the IF amplifier. 

To determine the dispersion of the noise voltage of the mixer — IF amplifier system, we 
shall assume this noise to be uncorrelated, and the IF amplifier to be an ordinary real am- 
plifier (and not a pure delay element). This is necessary because a pure-delay element has 
an infinitely broad passband and such an idealization would lead to an infinitely large value 


of Un. On the other hand, this assumption is possible by virtue of the fact that the auto- 
matic phase control system is not closed by a feedback loop with respect to the fluctuations 
of the signal voltage, and the transfer function from the input of the IF amplifier to the phase 
detector is determined only by the transfer function N(p) of the IF amplifier. At the same 
time, with respect to the fluctuations of the phase, the automatic phase control system is 
closed and is described by the transfer function (3), in which the IF amplifier is regarded as 
a pure-delay element. 

Taking the foregoing into consideration and using the well known relations for the mixer— 
IF amplifier system with the aforementioned transfer function N(p), we can rewrite Eq. (8) 
for an input signal of power Pg in the form 


ATF {| N (ja) 2 do 
0 


662 = 


InP, (9) 


(F is the noise factor, k is Boltzmann's constant, and T is the absolute temperature), and we 
obtain for the spectral density at the input of the IF amplifier the expression 


kT F | N (jo) |? 
Qin (0) = ae j (10) 


Multiplying the last expression by the square of the modulus of the frequency character- 
istic of the closed automatic phase control system (expression (3) with p = j®) we obtain the 
following expression for the spectral density of the phase fluctuations of the tuned generator: 


kT'F | N (Jo) [2 : 
Qout (©) ee (jo) )? (11) 
and for the phase dispersion 
ie GEA 
Ad? = InP, Un (12) 
where 
,= (1 (ja) 2 | W (jo) 2 do. (13) 
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Thus, at specified values of the signal power and at specified mixer and IF amplifier 
parameters, the filtering properties of the automatic phase control system are determined 
completely by the noise band, i.e., by expression (13). 

Let us consider first the effect of the parameters of the low-pass filter and the delay 
time 73 on the value of ty in the case when the IF bandwidth is much broader than the pass- 
band of the closed-loop automatic phase control system (| N(jw) |“ = 1). 

If the system includes an integrating low-pass filter, we can obtain [8], by means of (3), 
an expression for ty: 


Tin= = ( a (14) 
To 2 1+ 26 sin As& + (1 — 2Ai€ cos As E) 2 + A? EF ” 


where £ is the dimensionless quantity, £ = w/Awp, = oT. 
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In the absence of delay (A3 = 0), expression (14) yields the well known [3] relation for 
the automatic phase system with integrating filter 


co 
0 


1 dk x 
YT, =— = 
pony | 1—(1—2A3) E+ Abge TS (15) 


To estimate the effect of delay on the noise band of the system, it is necessary to evaluate 
the integral (14). Since this is in general difficult to do, the value of the integral for different 
Aj were obtained numerically [8] by graphic integration. 

The dependence of the relative value of the noise band 
€ on the delay Ag and the parameters of the low-pass filter 


rae Mn ae ke 
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calculated by formula (14) and shown in Fig. 5, lead to the 
following conclusions. 

In the presence of delay in the automatic phase control 
channel with integrating filter, the noise band depends 
appreciably on the constant of the low-pass filter Aj, and 
increases with it; the dependence of my on the constant Aj 
becomes sharply stronger with increasing delay time. 

Thus, in an automatic phase control system with inte- REE Maney TEM 
grating low-pass filter, we have in many cases ty > 7/7, 
and the greater the delay time and the greater the constant Fig.5. Dependence of the rela- 


CIT OIL, 


Aj, the stronger this inequality becomes. tive noise bandwidth of the sys- 
Taking the foregoing into account, it is necessary to tem with integrating low-pass 

exercise particular care, when estimating the interference filter on the filter constant A). 

immunity of the system, in the application of the results Solid line — system without 

of many investigations on the filtering properties of the delay; circles — system with 

automatic phase control, for in many cases these results delay. 


are valid only for systems without delay. An analogous 
effect is observed also in the case of automatic phase control with a proportional integrating 
filter. The noise band of such a system is determined by the expression 


@ 
(1 + Aj 82) de 


* 4 Cr 
Hy = a\i + (1 + AB) &2 4 ABE + 2E? (Ae — Ai) cos As & — 2 (1 + Ar A2&) sin Ask’ (16) 
0 
which is derived in analogy with the foregoing. In the absence of delay we have the well 
known expression for the noise band [3] in a system with proportional-integrating filter: 
poeta (1 + AZ 8%) dk 
ee WY 
ae | 1+ (1 + day? — 2A] & + Aj Et se 


The results of numerical integration of expression (16) for two values of 7 (0.4 and 0.2) 
for different values of the delay are shown in Figs. 6 and 7. As in the case of an integrating 
filter, the relative noise band is 


and increases in the presence of delay in the system, compared with its value in the absence 
of delay. This effect, however, is much less pronounced in this case, and its influence is all 
the less, the greater the ratio of the constants 7. 

At sufficiently large Aj and at a fixed ratio , the noise band tends to a limiting value 
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Fig. 6. Dependence of relative noise band of automatic phase con- 
trol system with proportional-integrating low-pass filter on the 
parameter Aj for 7 = 0.2. Solid curve — system without delay; 
dashed curves — system with delay. 
Fig. 7. Dependence of relative noise bandwidth of automatic phase. 
control with proportional-integrating low-pass filter on the param- 
eter Aj for 7 = 0.4. Solid curve — system without delay; dashed 
curve — system with delay. 
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which at sufficiently small 7 assumes the form 
ne ut 
Mno => 1= Uno. (19) 


In many cases when automatic phase control is used and where initial synchronization is 
possible, we encounter the case when the pass-band of the IF amplifier becomes comparable 
with the passband of thesystem. Assuming, for the sake of being specific, that the frequency 
characteristic of the IF amplifier is determined by an n-stage amplifier with circuits tuned to 
resonance, we obtain 


LNG) 


aa (20) 


where 


Ao, ‘ ate 13 
Abo = Gort 8M) Vi 
Z—1 


Taking (13), (14), and (20) into account, we obtain for the system with integrating low-pass 
filter the expression 


rae dé 
0, = —=\ (ee OF OOF SS 
. | [1-28 sin 8 + (1 — 20s 005 § Ht yetape]ii4 ge = le (21) 
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where qj (n) is a coefficient that depends on the type of the amplifier and on the number of 
stages [11]. 

By numerically integrating Eq. (21) we can obtain the dependence of the relative noise 
band of the automatic phase control system on the passband of the IF amplifier for different 
values of the time constant of the low-pass filter. 
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Fig. 8. Dependence of relative Fig. 9. Dependence of relative 
noise bandwidth of automatic noise bandwidth of automatic 

phase control with integrating phase control with proportional- 
low-pass filter on the IF ampli- integrating low-pass filter on the 
fier bandwidth for different IF amplifier bandwidth for different 
values of 4; and n, the number values of Aj for n = 0.2. Solid 

of IF amplifier stages. Solid curves —n=1; circles — 

curves —n=1; circles —n=10. n=10. 


These relationships, calculated for one and for ten amplifier stages (n = 1 and n = 10) at 
two values of the low-pass filter constant, Aj = 5 and Aj = 10, are plotted in Fig. 8. 

From an examination of this figure it is seen that as the bandwidth of the IF amplifier is 
narrowed down beyond the limits of the bandwidth of the closed-loop automatic phase control 
system, the noise band increases to a definite maximum value, which lies near the cutoff 
frequency of the closed-loop characteristic. Upon further reduction in the bandwidth of the 
IF amplifier, the noise band JJ, decreases sharply. However, by considerably reducing the 
IF amplifier bandwidth, it is impossible to improye the filtering properties of the system, 
since the limit of the stability region passes near the peak of the curve [Jy (49,7), and re- 
duction of the bandwidth leads to violation of inequality (6) and to excitation of the system (the 
stability region I is plotted for n = 1, while stability region Il is forn= 10). The situation is 
different if we use a proportional-integrating filter for the low-pass filter. In this case, by 
virtue of (11), (15) and (19) the expression for the noise band can be represented in the form 


Il; =i{ (1 -+ A? E%) dé 
sa 2 [1+ G+ AD + af e+ (As — A) cos § Se 
(1 + AS &?) 46 
x 2828 (1 — Audet sin BH] | + 2E 1 ] (22) 
i Abo; Abo7  () 


By numerically integrating the resultant expression (21), we have plotted the dependence 
of yy, on Aég.7 for different values of Ay (Aj = 2.5, 10, 50, and o) and different values 
of n(n=1, 10) with 7 = 0.2 (Fig. 9). 

As can be seen from this plot, the character of variation of II*y with varying Aég 7 is 
essentially analogous to the preceding case. At small values of A£é0,7, however, the droop- 
ing portion of the characteristic II',(A£0,7) les within the limits of the stability region of 
the system (at sufficiently large values of Aj). By virtue of this, we can improve in this case 
the filtering properties of the automatic phase control system by considerably narrowing down 
the IF amplifier bandwidth, compared with the closed-loop bandwidth. Apparently, an analo- 
gous analysis can be made for any other IF amplifier circuit. 
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3. QUALITY OF REGULATION OF THE AUTOMATIC PHASE CONTROL SYSTEM 


As shown above, the accuracy of phase control in the steady state can be sufficiently high 
if the system parameters are suitably chosen. It is, therefore, of interest to examine the 
behavior of the system in the dynamic mode, for in this case the decisive error becomes the 
transient error. This error can be characterized in our analysis by the two following quanti- 
ties: the excess of the maximum value of detuning over the steady state value, the so-called 
over -regulation o, and the time interval after which the detuning reaches the steady-state 
value for the first time, the settling time tg. 

a) Estimate of the value of over-regulation. To estimate the value of the over-regulation 
we used the well known Solodovnikov formula [9] 


o < 100 (1.48 p — 1)%, (23) 
where p = max | W(jw)! / |W(0)| is the index of "oscillatoriness". 
By virtue of (2), the expressions for the frequency characteristics of the phase control 
system has the form 
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W (jw)| = (24) 
|W e)| V 1 — 2& sin AsE + (1 — 2Arcos Asf) £2 + IN 
for a system with a low-pass integrating filter, and 
|W" (78) | = 
/ 14 A? (25) 
- 1+ (1 + AS) & + A? E44 22 (Ag — Ay) cus As— — 26 (1 + ArAsE?) sin As € 


for a system with a proportional-integrating low-pass filter. When Ag=0 the expression 
(25) reduces to (24), and in the absence of delay (A3 = 0) expressions (24) and (23) become 
the same as in [3]. , 
Although generally speaking the expression for the quan- 

a% tity 4, contained in (23), can be determined analytically, it is 
simpler to evaluate it from the frequency characteristics 
plotted on the basis of (24) and (25) for each specific combi- 
nation of the parameters.* Fig. 10 shows the dependence of 
the over regulation o in a system with an integrating and 
proportional-integrating low-pass filter on the delay and on 
the low-pass filter parameters (Aj and n). 


Fig. 10. Dependence of the over regulation on the delay time 

and the parameters of the low-pass filter A, and 7. Solid 

curve — integrating filter; dashed curves — proportional- 

integrating filter (n = 0.2); circles — proportional-integrat- 
ing filter (n = 0.4). 


From an examination of the curves shown in Fig. 10, we 
can note that in a phase control system with integrating low- 
pass filter, even at relatively small values of the filter con- 
stant Aj, the over regulation reaches a considerable magni- 
tude. When Aj increases and the delay time Ag increases, 
the over regulation in the system increases sharply and the 
system becomes practically unusable. If a proportional- 
integrating low-pass filter is used in the system, the opposite 


*The frequency characteristics were already plotted above, in the determination of 
Ny and M*p. 
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is observed. In this case for any specified value 73 < Tey We can make the over regulation, 
generally speaking, as small as desired, by choosing for this purpose sufficiently large val- 
ues of 4; and Ag anda sufficiently small 7. 

b) Estimate of the transient time. In the general case, the transient time must appar - 
ently be estimated from the plotted regulation curve, by virtue of the relative complexity of 
the expressions for the transfer functions. However, in an oscillating transient we can ob- 
tain sufficiently simple approximate expressions for the transient time. For this purpose we 
make use of the following expression [9] for the dimensionless settling time Ag = t,/T: 


As = - > (26) 


where £, is the root of the equation |arg W(jé)|=7/2. In the general case the value of Ey 
is determined from the phase characteristics of the automatic control system. In our case, 
however, the problem can also be solved analytically. 

For a system with an integrating low-pass filter, the equation for £1 assumes by virtue 
of (2) the form 


Aéi cos As& + &1 sin Ast: — 1 = 0, 


from which we obtain for small Ag3, with account of (25), 
Te A 
Ay~ nV Ai (1 +32). (27) 


It is seen from the last expression that the presence of delay in the system increases the 
settling time, and that this effect decreases with increasing 4. At sufficiently large values 
of A,(A, > A3), Ag becomes directly proportional to VAy. For a system with propor- 
tional-integrating low-pass filter, the equation for £1 has the form 


4+ nPAZE; + Ar (qn — 1) Ei cos Ast: — Ei (4+ Aj ne) sin Ask, = 0. (28) 


This equation has a simple solution only in the absence of delay 
A,=a1VAiV1 — Ai + Ai). (29) 


In the general case, on the other hand, the solution must be found graphically. 

Fig. 11 shows the dependence of the settling time Ag on the filter constant A, at fixed 
values of 7(n = 0.1 and 0.2) for a system with a proportional-integrating and with an integrat- 
ing low-pass filter. From the curves of Fig. 11 it is 
seen that the settling time increases in this case with id Ay 
increasing delay time and that the settling time in- 
creases more sharply with increasing A,. It must 
be noted that these conclusions, as well as expressions 


Mee a eS ae 15 
Fig. 11. Dependence of the settling time on the param- 
eter Aj and on the delay time. Solid curves — circuit 
with integrating filter; circles — circuit with propor- 
tional-integrating filter (n = 0.1); dashed curves — 
circuit with proportional integrating filter (n = 0.2). 50 


(26) and (28), are valid only when the transient is 

oscillatory. For a general investigation of the charac- 

ter of the transient it is necessary to plot the regulation 

curves. 25 
c) Regulation curves. To plot the regulation curves 

of an automatic phase control system with delay, we 

first constructed the semi-logarithmic real characteristics of the system. After piecewise 
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Fig. 12. Transfer function of automatic phase control system with 
integrating low-pass filter for different values of delay time. Solid 
curves — A ,=2.5; circles — 4, =5.0. ; 


Fig. 13. Transfer function in the case of a system with propor- 
tional-integrating low-pass filter with 7 = 0.4. Solid curves — 
Ay= 2.5; *cinelesi-—Ayi a, 


linear approximation we plotted by the well known method the transient characteristics of the 
system with integrating low-pass filter (Fig. 12) and with proportional-integrating filter 
(Fig. 13) for different values of the constant Ag and of the dimensionless running time 

A = t/t. 

From an examination of the curves we can draw the following conclusions. 

In a system of automatic phase control with integrating low-pass filter, the transient is 
oscillatory. The settling time and the over regulation increase with increasing delay time 
and with increasing 4,. In the case when a proportional-integrating filter is used the vari- 
ation of tg and o with Ag and Aj is analogous to the variation in the preceding case if 
the process is oscillatory. As Aj is increased with fixed 7, the transient becomes 
aperiodic and Ag, although increasing with increasing Aj, nevertheless decreases as the 
delay time Ag is increased. In other words, in this case the presence of delay in the chan- 
nel increases the speed of the automatic phase control system. 


4, EXPERIMENTAL RESULTS 


An experimental verification of the foregoing conclusions was made with a model of an 
automatic phase control system for the frequency of a klystron generator (Fig. 14) operating 
in the A= 15 cm band. 

The reference IF signal used was produced by a crystal-controlled oscillator at a fre- 
quency fo = 26.5 Mc; the 78th harmonic of these oscillations, obtained by multiplying the 
frequency with vacuum tube and diode stages, served as the microwave reference signal with 
a power on the order of P,=1 microwatt. This sytem ensured stable tuning of the klystron 
oscillator at a holding band of 60 Mc, a locking band Aw3=5 Mc, and a transient time 
tg = 10 microseconds. 

To estimate the correctness of the conclusions obtained above, we used the model to plot 
the frequency characteristics of the closed-loop automatic phase control system with propor- 
tional-integrating low-pass filter, for two different values of the ratio n, and for several 
values of the time constant 41. These characteristics are shown in Figs. 15 and 16, where 
the calculated frequency characteristics, calculated for the same numerical values of the 
parameters on the basis of formula (25), are shown for comparison. The discrepancy between 
the numerical values of the theoretical and experimental curves does not exceed 15%, and for 
the lower value of 7 this discrepancy decreases to 6%. Confirmation is also obtained for the 
qualitative conclusions of the foregoing study of the character of the influence of the parame- 
ters 4 , and AQ on the frequency characteristics of the closed-loop automatic phase control 
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system for a klystron generator. 1 — semiconductor diode; 2 — 

frequency tripler; 3 — frequency doubler; 4 — crystal stabilized 

oscillator; 5 — mixer; 6 — IF amplifier; 7 — phase detector; 8 — 
low-pass filter; 9 — IF amplifier; 10 — klystron oscillator. 


Fig. 15. Frequency characteristics of closed-loop automatic phase 
control system with proportional-integrating low-pass filter (n = 
R= 0213; 43=6). Solid curves — theoretical values; dashes — exper- 
imental values 
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Fig. 16 Fig. 17 


Fig. 16. Frequency characteristics of closed-loop automatic phase 

control system with proportional-integrating low-pass filter (n = 

= 0.006; Ag = 6). Solid curves — theoretical values; dashes — 
experimental values. 


Fig. 17. Transient characteristics of automatic phase control 
system (experimental); solid curves — 7) = 0.006; dashed curve — 
A 0.13. 
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system, and consequently on the filtering properties of the system. For a qualitative veri- 
fication of the conclusions regarding the effect of the parameters A, and A» on the quality 
of regulation of the system, the experimental model was used to plot the transient character- 
istics of the closed-loop automatic phase control system (Fig. 17) for two different values of 
the parameters Aj, and Ag. It follows from Fig. 17 that the over regulation in the system 
decreases with decreasing filter constant Aj (at sufficiently large absolute values of the 
latter) and with increasing constant Ag. An increase in the constant Ag also leads to an 
increase in the speed of the system and thus to an improvement in the regulation quality of the 
system as a whole. These results are in good agreement with the theoretical conclusions of 
Section 3 of the present paper. 
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ANALYSIS OF ANTENNAS WITH PLANE APERTURES 


B.M. Minkovich, Yu.I. Davidchevskiy 


A method is developed for the synthesis of antennas with plane apertures (calculation of 
the amplitude-phase or current distribution and of the shape of the aperture), based on the 
use of the results of synthesis of a linear antenna. 

General solutions are given for the case of separating distributions when the directivity 
pattern is specified in one or in two principal planes. One structural solution is indicated for 
the case of non-separating distributions. 


INTRODUCTION 


In many applications, antennas must have radiation characteristics that satisfy specific 
requirements. Such characteristics are the maximum directivity coefficient, the form of the 
entire directivity pattern or of its principal lobe necessary for optimum relationship between 
the different regions, or the parameters of the directivity pattern. 

The required radiation characteristics of an antenna is determined by various methods, 
including the aperture method, which is the simplest in most cases. In the aperture method, 
a system of monopolarized dipoles, which produces the interference pattern in space, is 
placed in a plane aperture of definite form. The determination of the directivity pattern of 
an antenna from the specified amplitude-phase distribution of the radiation sources and speci- 
fied form of the aperture is the direct problem in the synthesis of the directivity pattern. 

The reverse problem in the directivity-pattern synthesis, or the direct problem in aper- 
ture synthesis, is the determination of the amplitude-phase distribution and the form of the 
antenna aperture from specified characteristics or parameters of the directivity pattern. 

The synthesis of antennas with plane apertures comprises two problems, the first being 
the determination of the amplitude-phase distribution for a specified antenna aperture, and 
the second the determination of the form of the antenna aperture for a known amplitude-phase 
distribution. 

The first synthesis problem has been most fully developed for a linear antenna, which 
can be represented as a rectangular aperture of unit width with amplitude and phase distribu- 
tions that are constant over the width. 

Less developed is the first problem for antennas having apertures of different shapes. 
Many problems, including even that for a round-aperture antenna, have been solved only 
recently. 

Individual solutions of the second synthesis problem are now beginning to appear. Thus, 
the choice of aperture shapes for the secondary radiator and the radiator of periscopic anten- 
nas is considered in [1, 2], and the form of the antenna-length modulation curve for four- 
dimensional radiators is considered in [3]. The general approach to the solution of such 
problems, however, has not been sufficiently developed. We propose below a method for the 
synthesis of antennas with plane apertures, wherein the general problem of synthesis can be 
solved by simultaneous choice of the amplitude-phase distribution and of the shape of antenna 
aperture. 


1. FUNDAMENTAL EQUATIONS 


In the aperture method, the directivity pattern of an antenna in the far zone is calculated 
from the expression [4] 


F (p, 0) =( A (&, n) eitrseosetunsine dé dn, (1) 
D 
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where A(é, 7) is the amplitude-phase distribution with linear polarization; ~, n — relative 
Cartesian coordinates of the aperture; 


U1 = ™ sind, (2) 
mls 5 . 
uz = sin 0; 


where 1; and /9 are the dimensions of the real aperture along the axes and 7, respec- 
tively. 
In the principal planes (Y=0 and y= 7/2), expression (1) assumes the form: 


1 _bi(E) 


F (0,6) = \[ \ AG, a) dn]ems ae, (3) 
=1 bs(@) 
F (=, 0) = ( [\4 (E, n) dn| ei" dy, (4) 
—1 a(n) 


where 7 = b(é) and € = a(n) are the equations of the envelope of the aperture. 
If it is recalled that the directivity pattern of a linear antenna has the form 


\ Jy (Eee dé , (5) 


1 


then a comparison of (3) and (4) with (5) shows that the expressions in the square brackets are 
equivalent to the amplitude-phase distribution of certain linear antennas. This is a known 
fact [1]; from the point of view of the directivity pattern in one of the planes, any plane antenna 
can be replaced by an equivalent linear antenna, whose effective amplitude-phase distribution 
is determined by the form of the plane aperture. An antenna with plane aperture and a linear 
antenna have identical diagrams in the "cross-sectional plane" of a three-dimensional direc- 
tivity pattern. 

Starting from (3), (4), and (5), we get 


bi(®) 


\ A(E, n) dyn = kJ, (8), ¢) 
b,(8) 
a(n) : ‘ 

\ A(&, n) dé = ky Je (n), gr 
a,(n) 


where J,(&) and Jg(n) are the amplitude-phase distributions of the equivalent linear anten- 
nas; kj and k2 are certain constants. 

Eqs. (6) and (7) enable us to calculate the effective distributions of antennas with plane 
aperture in two orthogonal (principal) planes. However, if it is assumed that Jj (é) and 
J9(n) are known, then (6) and (7) can be regarded as a system of an equation with which to 
synthesize an antenna with plane aperture from known directivity patterns in the principal 
planes. 

Methods for the synthesis of the amplitude-phasedistribution of a linear antenna from a 
known directivity pattern have by now been sufficiently well developed [5, 6, 7]. Consequently, 
from the pattern of a plane-aperture antenna in the planes g=0 and y~=72/2 we can synthe- 
size J,(€) and Jo(n). Now in turn, the system (6) and (7) can serve for the synthesis of the 
entire plane aperture of the antenna. 

In such a synthesis, the solution of the problem is frequently not unique: several ampli- 
tude-phase distributions and several antenna-aperture shapes are possible and produce the 
required directivity pattern. In most cases the synthesis is incomplete, since it is based not 
on the complete diagram, but only on two of its cross sections. However, in view of the fact 
that the synthesis of antennas with plane aperture has been but little developed, an antenna- 
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aperture synthesis method based on two directivity-pattern sections can be of certain value, 
all the more since the antenna directivity pattern is frequently deduced from particular dia- 
grams in two characteristic sections. ; 

We shall henceforth assume J j(é) and J2(n) known. 

Let us investigate Eqs. (6) and((7), so as to ascertain whether a plane-aperture antenna 
can be synthesized, i.e., whether A(é, 7) and b(é) can be determined from known J1(E) 
and J2(n). 

The proposed synthesis method enables us to relate plane-aperture antennas with linear 
antennas and make use of the powerful formalism for the synthesis of linear antennas in the 
synthesis of plane-aperture antennas. 


2. TYPES OF AMPLITUDE-PHASE DISTRIBUTION AND OF APERTURE SHAPES 


Eqs. (6) and (7) call for a correct specification of the functions Jq(E), J9(n), b(é), a(n). 
Actually, if the envelope of the aperture profile decreases to zero (b,(é) and bg(é) equal to 
zero when & = 1), then J4(&) should also drop to zero on the edge of the aperture; otherwise 
A(é, 7) would become infinite. Therefore, Jy(é) and Jo(n) must be specified with allowance 
for the shape of the aperture. Thus, for example, in an antenna with round aperture, it is 
actually impossible to obtain an effective distribution with 'pedestal" when § =1. An effec- 
tive amplitude-phase distribution with pedestal can be realized in antennas whose aperture 
has a bevel on the edge, i.e., it does not drop to zero, or with the aid of an amplitude-phase 
distribution that becomes infinite on the edges of the aperture. Thus, for example in an 
antenna with round aperture, it is actually impossible to obtain an effective distribution with 
"pedestal'' when &£=1. An effective amplitude-phase distribution with pedestal can be 
realized in antennas whose aperture has a bevel on the edge, i.e., it does not drop to zero, 
or with the aid of an amplitude-phase distribution that becomes infinite on the edges of the 
aperture. Not only the amplitude and phase distributions, but also the shape of the antenna 
aperture greatly influence the directivity pattern. The shape of the antenna aperture enters 
into (6) and (7) as a full fledged term, and therefore synthesis of an antenna with plane aper- 
ture includes in general both the shape of the aperture and the distribution of the amplitudes 
and phases. 

We shall henceforth distinguish between two classes of amplitude and phase distributions, 
separating and non-separating. We shail call a separating distribution one of the type 


A (Z, n) = At (8) Ae (n). 
@ 
Although amplitude distributions can be symmetrical and asymmetrical, in phase and out of 
phase, we shall pay principal attention to symmetrical in-phase distributions. 

We shall consider two types of problems. 

In the first, the directivity pattern of the plane antenna is specified only in one plane, and 
consequently only one of the equations, either (6) or (7), remains. Many data on problems of 
this type are contained in [1]. 

The second type is one in which the plane-antenna directivity pattern is specified in two 
planes, and consequently both equations (6) and (7) must be solved simultaneously. 


3. SEPARATING DISTRIBUTIONS 


1) First type of problem. The aperture (b(é)) is symmetrical with respect to the 
& axis. F : 
a) In-phase symmetrical distributions. The problem reduces to solving the equation 


b(E) 


Ay (8) \ Ae (n) dn = Ja (8). (8) 


0 
Since there is only one equation and three unknown functions Ayz(é), Ag(n), and b(é), two of 


these must be specified in order for the third to be found. This leads to the following three 
equations for determining one function when the other two are specified: 
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4 Gy See (9) 


b (2) 


\ 42(n) an 
0 
Ja(E)Ne |, wae ia 
A, (yn) = {| Ay (E) | b’ ae (ay 
\ Ji ; 
@e [b (§)] = a 4 2 


n 
where®:2 (yn) = \ 42 (n) dn. The prime denotes differentiation with respect to &. 
0 

Expressions (9), (10) and (11) enable us to determine, from the known amplitude distri- 
bution of the linear antenna, the amplitude distribution of the plane antenna necessary to 
ensure the required directivity in one of the planes. The fact that the problem has manifold 
solutions offers the advantage that we can choose for a given specific case the most expedient 
from among several different distributions and aperture shapes. 

We note that Eq. (8) has a simple physical interpretation: the effective distribution Jy (é) 
is equal to the distribution of a plane antenna along the direction of the € axis, multiplied at 
each point by the corresponding quantity, proportional to the effective moment of the cross 
section of the antenna in the direction of the n axis [8]. 

b) Asymmetrical in-phase distributions. Eq. (8) shows that if J (~) is chosen symmet- 
rical and in phase, then independently of the choice of Aj (é), if Ag(n) and b(é) are sym- 
metrical with respect to the & axis, the effective distribution J2(n) will also be symmetri- 
cal, and the phase center of a plane-aperture antenna, with respect to the two principal 
planes, is at the origin. The calculation of the amplitude-phase distribution is based on 
formulas (9), (10), and (11). 

c) Symmetrical out-of-phase distributions. For an odd phase distribution @9(n), the 
principal equation has the form 


b(2) 
Ay (E)e*G) \ Ay (n) cos tpo(n) dn = Jy (§) e™®. (12) 
0 


Consequently, 4(&) = 94(&); ‘o(n) influences the effective distribution of the amplitudes. 
To solve (12) we must specify not two but three functions and determine the fourth one by 
means of formulas similar to (9), (10), and (11). Analogous but more cumbersome formulas 
can be used to solve the problem for other out-of-phase distributions. 

In the case of asymmetrical out of phase distributions, the principal equation actually 
becomes two, for negative and positive & separately. The mathematical problem becomes 
more complicated, but can be solved in each specific case. 

2) Second type of problem. The aperture is symmetrical with respect to the and 7 axes. 


a) In-phase symmetrical distributions. The problem reduced to solving simultaneously 
the two equations 


b(E) 


Ai (6) | 42 (n) dq = hi (2), (13) 


0 


a(n) 


As (n) \ Ai (8) d& = he Jo (n), (14) 


1) 
where b(&) and a(n) are mutually reciprocal functions, i.e., 
b (&) = a (6). 
Eqs. (13) and (14) can be solved in general form. To solve them simultaneously we must 


specify one of the functions Aj (~), Ag(n), or b(é). 


A1(é) specified. It is required to find b(é) and Ag(n). As a result of simple transfor- 
mations we obtain the following equation for y = b(é): 
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(15) 


ke\Jaly) dy = ky 0, [20 ae +0, 
z 
where Q, (&) =| A, (§) d&; C isa constant. 
0 
From (12) we have 


kroJ9 (n) 
@, [2 (n)] ° (16) 


Az (n) = 


b(é) specified. It is required to find Aj(é) and Ag(n). By determining A2(n) from 
(14) and substituting in (13), subsequent differentiation reduces the determination of Aji(é) to 
the solution of the following differential equation 


ihe Jk ky J) (E) gre __ B' (8) 77 = 0, 


b(§) B(&) 
(17) 
where 
See ulee: 

Ay(E) ’ (18) 
B (§) = keJe [b (E)] b’ (€). (19) 

Eq. (17) can be transformed to the Bernoulli type and can be solved in general form: 

A, (E) = CoJ, (€) exp | Bie) a 

1 1 | ( hy (20) 


’ a \ Ju (B) 48 + ha | Jo [dG] dd (E) + Cy 


where Cj and C2 are constants; Ag(n) is determined from (16). 

We note that Eqs. (6) and (7) can also be used to calculate some asymmetrical out of 
phase distributions. For example, for odd functions 91(£) and a(n), it is sufficient to 
replace in the exponential factor of (19) and (20) Ji(~é) by J1(é) cos 1(1) and Jg2(n) by 
J2(n) cos Y2(n), where ¢1(E) and ¢o9(n) are the phase distributions. 

The foregoing results show that the case of separating distributions offers in principle 
no difficulties in the synthesis of plane-aperture antennas from the directivity pattern in 
two or one principal section, although mathematical difficulties may arise in the evaluation 
of the integrals in (20). 


4, NONSEPARATION DISTRIBUTIONS 


In the case of separating distributions, the structure of the distributions of the amplitude 
is rather simple: the intersection of the amplitude distribution with one of the coordinate 
planes actually determines the form of the intersections with the planes parallel to the coordi- 
nate plane. In the case of non-separating distributions, the intersection between the ampli- 
tude distribution and one plane gives very little information on the form of the intersections 
with other planes. Consequently it is hardly possible to solve the problems for non-separating 
distributions in general form, and the situation is much more complicated. 


1) First type of problems. 
a) Symmetrical in-phase distributions. It is required to solve the equation 


2G (21) 
| 4&0) dn = 4 (8). 


0 


1) If A(é, n) is specified, we obtain after integration in (21) the equation for the deter- 
mination of b(é). 


1321 


2) If b(é) is specified, Eq. (21) cannot be solved in general form and has an infinite 
number of solutions. 
We can recommend the following solutions of Eq. (21): 


N 
= Nh ae a eae Ey: 22 
a) A (&, n) 2 Fer" (n) J1 (8) (22) 


where f(y) is an arbitrarily readily integrable function; 
& 
Fu (&) = \ fu (n) ni 
tn) 


» a,x = 1 for chosen N. 


k=0 


Wh 4 —r}) 
6) A(r) = — et (23) 
where rj =1+7-bD(é). 
1 eae 
2 | Jrfe(0)) aJy{a(V4 =) 
13 Le) ose | | en \\ ee 24 
) A (m2) = = ee \ ee (24) 


where r2=V 1+72 - [b(E)]%; a(n) is a function reciprocal to b(é). 


Of course, expressions (22), (23), and (24) do not exhaust the entire set of solutions. 

Even for the case of in-phase nonseparating distributions, it is difficult to make some 
general recommendations for a simultaneous solution of Eqs. (6) and (7). However, if we 
seek the solution in the form (22), then f,(n) should satisfy an equation similar to (17). 


5. "ARTIFICIAL" BEAM ROCKING 


If the directivity pattern of an antenna is calculated in one plane, the question arises of 
determining the complete directivity pattern. 

A useful method here is that of linear artificial rocking of the beam, consisting in the 
following. 

We assume that for a specified diagram in one plane ~=0 we solve Eq. (8), i.e., we 
know b(é) and A(é, 7). We assume that in the plane y= 7/2, the function A(é, 7) now 
acquires a linear phase shift. Then the new effective distribution is 


b(*) 


| A(E,n) cos andn =Jya (€). (25) 
ti) 


Since the linear phase shift causes a shift of the principal beam in the entire directivity 
pattern in the generalized-coordinate system, Eq. (25) is the effective distribution of a linear 
antenna, the directivity pattern of which coincides with the directivity pattern of an antenna 
with a plane aperture in the section ug=a. Thus, by taking different a, we can investigate 
the directivity pattern, as it were, over a series of sections. 


CONCLUSION 


The synthesis method considered for antennas with plane aperture, on the basis of one or 
two sections of the directivity pattern, enables us to use the natural connection between an 
aperture of arbitrary shape and linear antennas. Many synthesis problems, formulated and 
solved for linear antennas, can be solved also for surface apertures. Thus, for example, 
the problem of optimum or quasi-optimum diagrams can be solved either by producing in a 
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specified aperture a definite (optimal or quasi-optimal) amplitude-phase distribution, or by 
choosing an aperture with optimal or quasi-optimal shape for a specified distribution [8]. 

An illustrative example of the use of the method is the synthesis of amplitude distribution 
in a round aperture [9]. 


Consequently, in certain problems, the method developed here can prove useful and 
effective. 
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TRANSVERSE DIFFUSION IN DIFFRACTION BY 
AN IMPEDANCE CYLINDER OF LARGE RADIUS. 
Il. ASYMPTOTIC LAWS OF DIFFRACTION 


IN POLAR COORDINATES 


L.A.Vaynshteyn, G.D. Malyuzhinets 


It is shown that the general solution of the diffraction problem, obtained in [1] by using a 
parabolic equation in ray coordinates, can be derived also from an exact solution of the wave 
equation by using asymptotic formulas for the Hankel functions. We discuss incidentally 
problems (such as the reflection formula and its refinement, or the surface wave) an analysis 
of which with the aid of the parabolic equation and the ray coordinates entails certain diffi- 
culties. 


INTRODUCTION 


In Part I of our paper [1] we used the parabolic equation in ray coordinates to obtain a 
general solution of the two-dimensional diffraction problem for an impedance cylinder, whose 
radius is much greater than the wavelength. By way of supplement to this result, we shall 
show below that this solution can be obtained from an exact solution of the wave equation, by 
using known asymptotic formulas for the Hankel functions. 

The exact solution enables us also to investigate problems connected with the "transverse 
diffusion" in the illuminated region, when the reflection coefficient vanishes for some angle 
of incidence (Section 2), and also problems connected with the excitation and propagation of 
surface waves (Section 3). It is so far impossible to tackle these problems with the aid of the 
parabolic equation and the ray coordinates. 


1. THE GREEN'S FUNCTION GAMMA FOR THE IMPEDANCE CYLINDER 


The problem is stated in Section 1 of reference [1]. It reduces to constructing a function 
T(r, g, r') ina plane of many sheets. Then the Green's function in the physical plane is 
obtained by summing the values of the function I’ over all the sheets (see formula (8) of 
{1]). The function T can be readily obtained in the form of a series 


. © H® (kr) HD (ker’) et’s 11 
eens 4mi ne v3 
r (7, 9g, 7’) ka a Bane a et (ka) H ( | (1) 
¥g | ae aay ee v ( a) ony 
or a contour integral 
dH?) COM ‘gH (ka) 
; - igh)” (ka 
T(r, 9’, r’) = L\ ll ® (apy | HO d (ka) (1) 
(ros r= ee (er) | Gar) — ——— Her) Jay, (2) 
a (ka) + ig y (ka) 
where the contour C encloses, in the positive direction, all the point vg(s=1, 2,.. -) which 
are the roots of the equation 
dH (ka) Wo c 
<a (hayes igH,” (ka) = 0, (3) 
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and which equation is determined from the impedance boundary condition 
ar ‘ 
s+ ike! = 0 when r =a (4) 


for the function T. In the interval (2) it is implied that r'> r, and when r' <r we must 
interchange r and r'. 


Formulas (1) and (2) yield a formal solution to our problem; we shall not stop to derive 
them, since the procedure is analogous to that used for the elliptical cylinder (see [2] and 
also [3] and [4]). Our purpose is an investigation of these formulas subject to the condition 

ka > 1, (5) 


where asymptotic laws of diffraction on convex bodies enter into play. 
In view of the fact that r'> a andr>a, we can substitute for the Hankel functions in 
(1) and (2) their asymptotic expressions. The most general asymptotic expressions have the 


form 
oe as 
HP (er) = iV ZY peta 0, 


sent aber Tatts 
HP (ir) = if 27/ eam (0), (6) 


where w(t) = w(t) and w2(t) are the Airy functions; 


+ 


and 


kr 


= ys a (err ae ; —— eves 
ee \V a do = V (kr)?—v*— vare sin/ 1 Trp’ 5 


Obes Te ‘ Ary ves 
So ren V! Tene 


These expressions can be found in the book by V.A. Fok [5]. We shall need in what follows 
the following particular cases of formulas (6), also found in [5]. If 


vakatMt, M=()", |t|<m?, (9) 

then formulas (6) assume the form 
HS? (ha) = — Fy (0), HY" ha) = 7 -ws (i). (10) 

On the other hand if 
kh 2M} 

h=r—aa, y= ap = (11) 

and condition (9) is satisfied, then 
HS) (kr) = — ew (9), HP (er) = Fn (t — 9. (12) 


For larger values of r (for example when h~a or h>a), we can already use the Debye 
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asymptotic formulas | 


— i(&-4) > -i(7) 
ie s/s ree eee ee) 


4 
V rv? V (kre — vP 


which are suitable when v<kr. On the other hand, if v has the form (9), then (13) can be 
simplified in the following fashion: we put in the denominator simply v=ka, and calculate 
&—€ from the formula 


E (v) = & (ha) + 2 (ka) Mt. (14) 


As a result we obtain 


\ 


H (kr) = eee i (ar sin 0—vo— a) 


ahr sin) © 
HY (kr) = |v oe er Ss 7) (15) 
where the angle @ is given by 
iT COseOs (16) 


Its geometric meaning is clear from Fig. 1; this is the angle be- 
tween the radius vector r = OP and the radius OT drawn to the 
"point of tangency"' T, corresponding to the given point of obser- 
vation P. 

It is easy to show that the regions where (12) and (15) are valid overlap, since the form- 
ulas transform into each other continuously. 


Fig. 1. Tangent PT to the 
circle of the cylinder, and 
the angle 6. 


2. REFLECTION FORMULA 


Let us assume that the contour C in the integral (2) can be drawn in such a way that the 
Debye formulas (13) can be applied to its principal portion. Then this integral assumes 
the form 


AY \" 
=5)—8 
Be crrenerns| x 
vy \2 
1—(Gz) +8 
dv (17) 


Css iJernsen + 
C 


x 


4 * 4 
V (kr? — v2 Y (kr)? — v8 


where €' and gq are obtained from § with r=r' and r=a, respectively. This integral 
can be calculated by the stationary-phase method (see Section 3 in [5]). 
The first term in the square bracket of (17) has a phase 


o(v=viel|+8&—& (18) 
the derivative of which 
OW el yy, (19) 
where 
sin Y! = i ; siny = —— (20) 
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The stationary-phase point vo is obtained from the expression 
1— 1 =|@| or cos (y — x’) = cos (21) 
and is determined in explicit form by the formula 


vy = "sin | @|, (22) 


where 


p =Vr? — 2r'rcosg +r? (23) 


is the distance between the points P' and P. From Fig. 2 we can see the geometric meaning 
of the angles y' and y, corresponding to the value of vg, and it follows in particular that 
vo = kH. 

We furthermore have 


© (v0) = Vere = vi — V ry = 93 = he, 
kp 
V (kr? = v8 (kre vB 


(24) 


@" (%) = 


and the first term in (17) yields, after application of the stationary-phase method, simply the 
primary cylindrical wave 


ie P 
oy Ta) : 
Thos V we 3 (25) r 5 
x 
Lyn 
which is outgoing from the source P'. bX es 
/ 
KO 7 Lo p 
lyl=<POP 
é 
Fig. 2. Geometry ofthe direct ray. Fig. 3. Geometry of the reflected ray. 
The second term in (17) has a phase 
wo (v) =v|gp| + §& + § — 2&, (26) 
the derivative of which 
wo’ (vy) =|9| +7 + 7 — 2%, (27) 
where sin y = v/ka, vanishes when 
|p| = 24 —1' —7. (28) 


The geometrical meaning of the angles y', y and ~, corresponding to the stationary-phase 
point vo, is illustrated in Fig. 3; in particular, x is simply the angle of incidence, which 
equals the angle of reflection. It follows from Fig. 3 that 


© (v9) =V ere — + V er — 3 — 2V (hat — 8 = k (s' +5), (29) 


where s'= P'N' is the length of the incident ray, s = NP is the length of the reflected ray. 
In addition, 
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(30) 


” 1 so i S 
oo" (Vo) ka Cos x G +acosy ' s+tacosyx ). 
The stationary phase method leads to the following expression for the reflected wave: 
a [R(s’-+s)+ =] eos pare 


Ti — zs ° cosy eg? (31) 


where (32) 


28's 
DiS ee se 
eo as cos YX 


This expression is in full agreement with geometrical optics, and S can be rewritten 
S=s'(1+-—), (33) 


where so _ is the distance from the point of reflection N to the point of tangency of the con- 
tinued ray NP with the imaginary caustic; sg is determined by the formula 


Le b=. . (34) 


& = COS Xo» (35) 
then the expression (31) for the reflected wave vanishes when the angle of incidence is X g. 
However, the calculation with the aid of the more accurate method of stationary phase (which 
calls also for a more accurate formulation of Eq. (13)) shows that in this case transverse 
diffusion still leads to the formation of a reflected wave with an amplitude (for sufficiently 
large s' and s) has an order of magnitude which is ka times smaller than the amplitude 
of the wave reflected in other directions. 

3. SURFACE WAVE 


If the function Hy(1)(ka) is replaced by the asymptotic expression (10), and (12) is used, 
then Eq. (3) becomes 


w, (t) — qu (t) = 0, g = iMg. (36) 
Subject to the condition 
6. UB ete mn eT ed (37) 
Eq. (36) has a "singular" root, which in the first approximation is 
ji == OF (38) 
and which in the second approximation has an exponentially small imaginary part. This singu- 


lar root, as shown by Fok (Section 7 of [5]) is missing in the propagation of radio waves around 
the earth's surface, when 


+ <areg <x , (39) 


but if condition (37) is satisfied it does exist and corresponds to a surface wave propagating 
around the cylinder with low attenuation (see [7]). The dependence of this wave on the azimuth 
y is determined in the first approximation by the factor exp {ivlgl} , where 


v= ka (t+ + |g|?). #5 
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Inasmuch as the z dependence of a surface wave propagating along an impedance plane 
(z is the coordinate along the plane) is determined by the factor 


elkVi+le? , (41) 


we see from a comparison of (40) and (41) that Eqs. (36) and (38) can be used only when 
lgl<«< 1, when the phase velocity of the surface wave is close to the velocity of the waves in 
free space, and consequently the ''surface character" of the wave is weak. 

Elliott [6] gives certain numerical results for electromagnetic surface waves traveling 
over a corrugated cylinder or a cylinder with dielectric layer; these results have been ob- 
tained from a characteristic equation analogous to (8). 

We note that the singular root (38) exists not only subject to condition (37), but also 
under the more general condition 


g=—ilsle, OC ~<s, [gl =M|g/>1. (42) 


If in this case lg| < 1, it is necessary to use in lieu of (36) a more complicated equation, 
obtained from the asymptotic formulas (6). In this case, and also under the condition (35), 
the parabolic equation in ray coordinates does not give a complete solution of our diffraction 
problem. If these cases are excluded, the exact solution (1) and (2) of the wave equation, as 
will be shown below, goes under condition (5) into the solution obtained in [1]. 


4, RIGOROUS SOLUTION IN RAY COORDINATES 


Substituting into the contour integral (2) the asymptotic expressions (9), (10), and (12), 
and introducing the dimensionless variables 


kh eee 
pe MQ) yar. oo =a (43) 
we obtain for the function I the expression 
2 i AY , 
P= Seale W (2, y, y's 9), (44) 


4 
which is suitable under the condition that both points are near the cylinder (h «a, h' <a). 
The function © is determined when y' > y by the integral 


Y(2yy59 = 
. wy (t) — qu, (t) 
ag (een, (¢ —y') [us ( Ye : 
C 1 


4m P t) — qu, (t) 


w, (t — »| dt, (45) 


taken over an infinite contour C, which encloses in the positive direction the poles 
tg (Ss =1, 2, ...) of the integrand, namely the roots of Eq. (36). 

If the point P' is far from the cylinder, we must take for the function Hy kr’) the 
asymptotic formula (15), and we obtain an expression 


SSS SHEE) seo 
Pel) pee Oy cig dz a (lel =D, (46) 


which agrees with Section 4 of reference [1]. 
In order to obtain the general formula (51), we use the fact that the regions where the 
asymptotic formulas (12) and (15) are valid overlap. We can therefore write them in the 


form of a single formula 


HY (kr) = — 


|e 


i<) 


‘i . yrsin ee 
i Telecaster eg wtrony), 
VaM (47) 
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where the variable 


y = u(r ey =m © (48) 


is equal to the variable y when h <a; in this case the angle @ is small, and the approxi- . 
mate relation 


ka (“2% 9) =3Y (49) 


is valid, and consequently the exponential factor in (47) is practically equal to unity, making 
this formula equivalent to the first formula of (12). If the variable Y is large, the function 
w 1 can be replaced by the asymptotic expression 


3 
i BU Bn Vrs 
Oe 2 Vyas ta); (50) 
ys 
and formula (47) goes into the first formula of (15). 
Substituting expressions of the form (47) into the series (1), we obtain a formula 
233 


2 72 
ages Byala y yea. (51) 


le 


which is the fundamental result of reference [1]. Here all the variables are determined by 
the ray coordinates derived in [11]; in polar coordinates, their values 


o =a(jp| —0 —0’) + 7sin®@ + 7’ sing’, 


xX=M- = (52) 
Gan a ‘ 
The function ¥ is determined by the series 
fore) ilgx ; , 
y F - e wy (t,--y) wi(t, —y’) 
I D= DIF Tae wey (53) 


s=1 


which is equivalent to the integral (45). 

In ‘conclusion we note that even in the absence of a singular root (see Section 3), rather 
remote roots of Eq. (3) cannot be calculated by formulas (9) and (36). Therefore, in the 
illuminated region, where the series (53) converges poorly, formula (51) may result in a 
large error, and can be used only in the penumbral region — up to its joining the formulas 
of geometrical optics (25) and (31) for rays with sufficiently small slopes (see [1]). 
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INFLUENCE OF BENDING ON THE PROPERTIES 
OF PERIODICALLY DIAPHRAGMED WAVEGUIDES 
OF RECTANGULAR SECTION 


B.N. Morozov 


The effect of bending a comb-like slow-wave system on the properties of magnetic-type 
waves is considered. It is shown that the bending of a diaphragmed waveguide greatly influ- 
ences the coupling resistance, and to a lesser extent, the phase velocity. Plots are given 
and a physical analysis is made of the results obtained. 


In the investigation of comb-like slow-wave systems [2], particular attention is usually 
paid to a study of the properties of in-phase LE waves, since they have considerably greater 
coupling resistance compared with the out of phase waves. However, for uniformly bent 
slow-wave systems, which are used in vacuum tubes [3], and also in accelerators [4], this 
circumstance does not always hold true. 

In a uniformly bent periodically diaphragmed waveguide (Fig. 1), the analogue of LE 
waves are the Hmp magnetic modes. In the case when the diaphragms are sufficiently 
closely spaced (i.e., the condition A > OR is satisfied), the field components of the Hmp 
waves in the interaction space have the form [5] 


Si : Z [Jin (47) — BN, (ur) e=i2, 
o = —jAkx sin - zlIn (4“r) — BN,,(ur) le—ine, e 
Fe A 

H, = Ax? sin =z [Jn (ur) — BN, (ur) eins, 


H, = Ax cos ; Z [J.(xr) — BN, (xr)] e-ie, 


eA ~ + cos : z [J (ur) — BN, (xr)] ei", 


where “x =kV1 — (A/2b)?, & = 2n/4; y is the wavelength in free space; b is the height of 


the waveguide in the z direction; a is the half width of the interaction space; hj, and hg 
are the heights of the diaphragm; n= ckR/ Vph_ is the azimuthal propagation constant; R is 
the mean bending radius; c is the velocity of light; vph is the phase velocity of the wave on 
the radius R; m and p are the wave numbers of the field in the r and z directions re- 
spectively; Jn, Bh Ny, and Nn, are the Bessel and Neumann functions of order n and 
their derivatives with respect to the argument; B is the right-hand (or the left-hand) part 
of the dispersion equation 


tg xhJ, [x(R—a]+J,[x(R—a)]_ tg shale [x(R + a)] — J, [x(R + @)] 
tg xh, [x(R—a))-+N,[x(R—a)] tex, [x(R+a)]—N, [x(R + a)] 


(2) 


In particular cases when the waveguide is loaded with diaphragms along a single wall, 
Eq. (2) simplifies. If the diaphragms are located along the internal bent wall (hg = 0), then 


Eq. (2) becomes 
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J, (%(R + a)]N, [x (R —a)] —J;, [«(R —a)] N, [x (R +)] 
J, [«(R + @)] N,, (%(R —@)] — J, [%(R—4)] N, [x (R+4)] ” 


— tg xh, = 
and in (1) we have 


— Fnze(R+a)] 
~~ Na(x(R+a)] ’ 


if the diaphragms are located along the wall with the larger bending radius (hj = 0), then (2) 


Z 


Fig. 1. Uniformly bent periodically diaphragmed waveguide. 


assumes the form 


J, (x(R +) N, [x (R —a)] —J, [x (R—@)]N, [x (R +2)] 
J, (e(R+a)] N, [%(R—a)] — J, [x (R—a)] Ny [x (R + 4)) 


where we have in (1) 


_ Inte (R= a)] 
Nae (R— a) 


In an investigation of the effect of the bending on the properties of in-phase (H 1) and 
out of phase (H01) waves in a waveguide loaded on both sides, * and type Ho 1 waves in sys- 
tems loaded on one side, it is advantageous to compare waveguides having identical width of 
the interaction space (ka = const) and identical slow-wave ratio c/v. h On the central 
radius R. From the plots of Fig. 2, constructed in accordance with Eq. (2), it follows that 
the in-phase waves of a symmetrically loaded waveguide (hj =hg) and the wave Ho, ofa 
waveguide with H2=0 become accelerated, while the out-of-phase waves of the system with 
hi = hg and the lower type of the wave in the waveguide, loaded along the outer wall, are 
slowed down compared with the waves in the unbent waveguide of the same geometrical di- 
mensions. 

For waveguides loaded on one end, the effect of bending on the phase velocity of the wave 
is more considerable than for a symmetrically diaphragmed waveguide; curves 3 and 4 as 
shown by calculation, tend to a value determined from the following formula [6] 


wth (35) = V/ 1 — (2/20)? tg xh. (3) 


*The in-phase and out of phase waves of an unbent double "comb" [1, 2] are sometimes 
called in the literature symmetrical and antisymmetrical , respectively [3]. 
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ae Fig. 2. Effect of bending on geometrical dimensions of 


waveguides, necessary to ensure constant slowing down 
(ka = 2, V1 - (A/2b)2 = 0.5, c/Vph = 1): 


1 — for in-phase wave of system with hi = hg; 2 — for 
out of phase wave of system with hi = hg; 3 — for Hg1 
wave of system with hg = 0; 4 — for Hg, wave of system 
of hj = 0; 5 — for straight comb, according to (3) 


The fact that curves 1 and 3 or 2 and 4 are close to each other, can be readily explained 
from Fig. 3, which is based on formula (1). It turns out [7] that in a symmetrically loaded 
waveguide the in-phase waves ''stick'' to the internal surface, while the out-of-phase waves 
stick to the outer one. Therefore, in the former case the distribution of the azimuthal com- 
ponent of the electric field almost coincides with the distribution of the field in a waveguide 


10 10 107] ; 
o Q75 bal | 
as aso a 
a2s} 025 02s 
ie eer = 
\ / 
bey 


Fig. 3. Effect of bending on the distribution of Eg in the 
transverse cross section for kR = 8; 
a — in-phase wave of system with hj =hg; b — out of phase 
wave of system with hy = h2; c — h01 wave of system with 
h2 = 0; d — Hg1 wave of system with hj = 0; dashed curves — 
for rectangular waveguide according to [2] 


loaded along the smaller-radius wall, while in the latter case the distribution of the azimuthal 
components of the electric field almost coincides with the distribution field in a waveguide 
loaded along the larger-radius wall. In the case of a symmetrically loaded waveguide, the 
resonators located along the wall with the large radius store very little of the in-phase wave 
energy, i.e., they have a very small influence on its slowing down; therefore, the curves 
1 and 3 almost merge when the bending is strong. Consequently, from the point of view of 
efficiency of slowing down, out-of-phase waves of a symmetrically loaded waveguide and of a 
waveguide with diaphragms along the wall with the large radius are more suitable. 

The coupling resistance is determined from the relation 


E2 
Re'= ap (4) 


c 282P ? 
where 8 = 27/Aw; P is the energy flux through the waveguide interaction space, averaged 
over the cycle. Substituting in (4) the expressions for the field components from (1) we obtain 
(in the practical system of units) for the average radius R, on which c/ Vph = 1, 


4800 2? (R) 
kb f, (R—a) —),(R+ 4)’ (5) 


Ro = 


where 
Zn(R) =Jn(xR) —BNp, (xR) 
and according to [8], 


n-1 
1, (a oa) ==Z, Ik(Rta] +2 >)24 Ik(R+a]4+ Zilkk(R+a)] 


s=1 


Formula (5) was used to calculate the curves of Fig. 4. Curve 1 tends with increasing 
R to the value Re = 90 ohms, which is determined from the relation for the unbent waveguide 
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Fig. 4. Effect of bending on the coupling resistance (ka = 2, | 
V1 - (A/2b)2 = 0.5, c/Vpp = 1: | 


1 — for in-phase wave of system with hy = hg; 2 — for out | 
of phase wave of system with hj = hg; 3 — for Ho1 wave of 
system with hg = 0; 4 — for ho1 wave of system with hj =0; 
5 — for straight comb according to (6). 


As the waveguide is bent, the coupling resistance of the out-of-phase waves of a symmet- 
rically loaded waveguide increases to a certain value R (in the case of strong bending) ex- 
ceeding the coupling resistance of the in-phase waves, which decreases with increased 
bending. An analogous situation obtains in the case of asymmetrically loaded waveguides. 

In the latter case, however, when the waveguide is straightened out, the coupling resistance 
does not drop to zero as it does for curve 2, but tends to the value 


a 
m1?2%2 sh? a 


(6) 


uD) i ae 


for a rectangular comb. From the physical point of view, this phenomenon is explained by 
the redistribution of the field in the transverse cross section when the waveguide is bent 
(Fig. 3). 

A comparison of Figs. 2 and 4 shows that the bending greatly influences the coupling 
resistance and influences to a lesser extent the geometrical dimensions of the waveguide (for 
constant slowing down on the mean radius). Thus, for example, in the case of in-phase waves 
of a symmetrically loaded waveguide with kR=10, the coupling resistance differs by 60% 
from the unbent waveguide, while h differs by 5%. 

Consequently, in the case of strong bending, the out-of-phase waves of a symmetrically 
loaded waveguide and a type Ho 1 wave of a waveguide with diaphragms along the larger- 
radius wall can be of definite interest. We note, in addition, that the out of phase waves have 
a smaller dispersion [1], and the critical wavelength of the Hg 1 mode is greater than that of 
the other types of waves, which greatly facilitates the struggle against parasitic oscillations. 

We can conclude from the foregoing that when waveguides with large curvature are used 
(kR ~ 15), it is advantageous to use the out-of-phase waves of a symmetrically loaded wave- 
guide (when kR< 10, in the particular case under consideration), and the H01 waves ofa 
waveguide with diaphragms along the larger-radius wall (KR < 15). In the case of weak 
bending, however, (KR > 20), the most effective coupling of the electron beam can be attained 
only with the in-phase wave of a symmetrically loaded waveguide. 

The author is grateful to L. V. Chikulina for help in the calculations. 
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INTERACTION BETWEEN AN ELECTRON BEAM 
AND THE FIELD OF A HELIX IN THE REGION 
OF AN ABSORBING INSERT 


Yu. N. Pchel'nikov 


The propagation constant of a growing wave in a helix with absorption, in the presence of 
an electron beam is calculated approximately. The power dissipated in the region of the ab- 
sorbing insert of a traveling wave tube is calculated, and recommendations are made on the 
choice of parameters and position of the insert. 


INTRODUCTION 


Theoretical and experimental investigations of the phenomena occurring in traveling wave 
tubes (TWT) in the vicinity of an absorbing insert have been the subject of many papers [1-6] 
the results of which indicate that the position and parameters of the absorbing insert exert an 
appreciable influence on the operation of the TWIT. However, the foregoing investigations do 
not display fully the physics of the phenomena that take place in the region of the absorbing 
insert, nor do they propose a procedure for correct determination and choice of the parame- 
ters and position of the absorber. In reference [7] is considered the distribution of the high- 
frequency field along a model of a TWT in the low-signal mode, as a function of the position 
attenuation parameter of the absorbing insert. On the other hand, an estimate of the influence 
of the insert on the maximum output power of the TWT has not yet been made. 

We give below an approximate calculation of the field of an increasing wave in the region 
of the insert, an estimate of the dissipated power, and an evaluation of the dependence of the 
efficiency of a tube with helical slow-wave system on the attenuation inserted and on the loca- 
tion of the absorbing insert. 

Determination of the amplitude of the electromagnetic field.in the region of the absorbing 
insert calls for calculation of the propagation constants of electromagnetic waves in a helix 
with sufficiently large absorption, in the presence of an electron beam. In the general case, 
the solution of such a problem entails great difficulties, owing to the need of solving trans- 
cendental equations that contain Bessel functions of complex arguments. On the other hand, 
the use of various models which deviate greatly from real systems does not give correct 
results. 

The problem can be greatly simplified by confining oneself to an examination of a helical 
line with such parameters, that the Bessel functions contained in the dispersion equation of 
the system have sufficiently large arguments (in practice, greater than two) and can be re- 
placed by simpler approximations based on asymptotic expansions. If we consider at the 
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same time the case when the beam fills all of the internal part of the helixi.e., if we set the 
radius of the beam equal to the radius of the helix, then the dispersion equation becomes 
algebraic. 

A similar or nearly equivalent case can take place also in real systems, and the results 
obtained by analyzing such a case make it possible to estimate, if not quantitatively at least 
qualitatively, the influence of the absorbing insert of a TWT with a different beam and helix 
geometry. 

It is known that attenuation in a helical line can be due both to the presence of absorbing 
material in the medium surrounding the helix, and to the direct shorting of the helix turns by 
a layer having a certain resistance. To simplify the calculation, the first method of produc- 
ing an absorbing insert will be taken into account by using a model in which the helix is sur- 
rounded on the outside by an unbounded absorbing medium, while the second method will 
comprise the analysis of a helix having a certain conductivity in a direction perpendicular to 
the direction of the helix turns. 


1. DERIVATION OF SIMPLIFIED DISPERSION EQUATION 


Let us consider (Fig. 1) a helix of radius b with an electron beam of the same radius, 
surrounded on the outside by an unbounded absorbing medium, having a certain conductivity o. 


s: The dielectric constant of such an absorbing medium can be 
conductivity of 


see represented by the complex quantity 


=— dielectric is ¢=————— = 


ey =e (1 ~j<), (1) 


where € is the dielectric constant of the outer medium with- 

out account of conductivity, © is the angular frequency of the 

field and j =V-1. 

Fig. 1. Helix surrounded by Let the dielectric constant of the medium inside the helix 

unbounded absorbing medium be denoted by €g, and let the permeability of the medium be 
Ho in both regions. 

We seek the values of the propagation constants of the electromagnetic waves in this sys- 
tem, confining ourselves to axially-symmetrical solutions. We assume henceforth that the 
electromagnetic field intensity components depend on the time and on the longitudinal coordi- 
nate z as exp(jwmt+ yz), where y is the propagation constant, defined by 


y=—j8+4. (2) 


Here B is the phase constant and a@ is the wave increment constant. Designating the values 
of the constants in the absence of a beam by the index 0, we obtain 


To = — 1By — Xo» (3) 


where Qo is the attenuation constant. 

Solving the problem subject to the customary idealization (replacing the helix by an aniso- 
tropically conducting cylinder), we obtain a transcendental dispersion equation for the propa- 
gation constants in the system under consideration. The resultant equation contains modified 
Bessel functions of the first and second kind, of the arguments bT, br, and bry, where Lloegr. 
and 7, are radial constants, of which the first two are in the internal region and the third out- 
side the helix; +t and 1, are connected with the electromagnetic wave propagation constant y 
by the relations 


ES eG aa ee (4) 


where k and kj are the phase constants, determined by the usual relations: k = wVegug, 
ky = Ve qHO. 


Since in most cases the slowing down in helical lines is sufficiently large, we can neglect 
k2 and k12 compared with 72 and 112, and it follows from (2) that 


atl. ee ite ane 


(5) 
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The constants T and 7 are related by 


he gous (6) 


where q is the square of the plasma wave number of an infinitely broad beam of the same 
density as the considered beam; ug is the constant component of the electron velocity. 
As stated earlier, at sufficiently large values of the arguments, the modified Bessel 
functions and their ratios, contained in the dispersion equation, can be replaced by their 
asymptotic expansions. For this purpose we can use the following approximate relations: 


To(X)ys) 1 Tr( Dar n 

Ri To iyo shag earn 

BE greens on PLZ) 925 Phe (7) 
AC or hy ox? 


To (X) Ko (X) ~ Io (X) Ki (X) & Ih (X) Ko (X) = Ih (X) Ki (X) Sh 


Here Ip (X), 11 (X), Ko (X), Kj (X) are the modified Bessel functions of the corresponding 
argument. 

After certain transformations with account taken of (5) and (7), the resultant transcen- 
dental dispersion equation of our system is transformed to the following algebraic equation 


Qny2 
Pep he Fiabe = (8) 


where @® is the angle between the direction of the turns and the longitudinal axis of the helix. 
In the absence of an electron beam, q vanishes, and as follows from (6) T = T= 79, 
where 709 is the radial constant in a system without beam. 
In order not to complicate the problem, we shall assume henceforth the real part of the 
dielectric constant €, tobe eg. Then 


et Acai et (9) 


“Eo WE 


Putting T= 7 in (8) we obtain, with account taken of (9), the following expressions for 
70, Bo, and a9: 


yo=—k tg O ‘—_ See . (10) 
Bo = VK? tg? @ + ai, (11) 

fo 
to = ZBoe00 * (12) 


It follows from (11) that with increasing attenuation constantag, the phase constant Bg 
increases, i.e., the phase velocity of the wave decreases. 


2. DERIVATION OF THE CHARACTERISTIC EQUATION 


By eliminating T and 7 from (8) and (6) and using (10) we obtain an equation for the 
propagation constant y: 


: 2 
(2 — 98) (T+ IZ) (P18 — F tg) = Ehttgto. (13) 


The resultant equation has six roots, two of these (in the third factor) are close to zero 
and have no physical meaning, so that they can be excluded. We know that in the amplification 
mode of the TWT the propagation constants of interest to us are nearly equal to 8. Using 
this fact, and also the smallness of q, we derive by approximate successive transformations 
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the following fourth-degree equation for y: | 


(2 — ry + iB)? +19] = — FR — #), (14) 
where 
“ 
tle B o 
i a 8, ; Me UpBo (15) 
4 e+ 2]% 


This equation is the usual characteristic TWT equation and finds the propagation constant 
of four waves: three forward waves and one backward wave. The values of these waves are 
roughly close to the values of the roots \ 


arse (16) 


Sidi fee SHS Tale 


The first two roots determine the propagation constant of the forward and backward waves in 
the system without beam, while the third and fourth are the propagation constants of the slow 
and fast waves of the beam. 

A solution of (14) shows that in the range where 7 is 


1B close to unity, there exists in a helical line surrounded by 
Q02 rite 5 ; i et 
an absorbing medium a growing wave whose velocity is 
Z close to the velocity of the slow wave of the beam. The 
oo region of growing solutions is unbounded on the 7 > 1 side. 
An ordinary absorbing insert has an attenuation corre- 
0 sponding to %9/Bg ~ 0.2. At this value of a Qo, the roots 
of Eq. (4) separate, and analytic solutions can be found for 
a01. sree in them. Calculations have shown that the results differ little 
L L fi / é oh 


Fig. 2. Dependence of the rela- 
tive value of the build-up con- 
stant @/Bg on the parameter 7 
for two values of the attenuation 
parameter: 1 — a9/8 = 0.2; 

2 —ag/Bo = 0.4. 


from those defined by (16). 

Fig. 2 shows the dependence of the build-up constant of 
the slow wave of the beam on the parameter 7 for two 
values of a0/80, namely 0.2 and 0.4. The value of q/o2 
was set at 10-2, corresponding to relatively large beam- 
current densities. It can be readily verified that the maxi- 
mum build-up constant in a system with losses correspond- 
ing to ag/B0 = 0.2 is found here to be one order of magni- 


tude less than the build-up constant in a lossless helical line. 


3. HELIX WITH FINITE SURFACE CONDUCTIVITY 


A calculation similar to that given above was made for a helical line with electron beam 
(Fig. 3), differing in that the absorption in the line was due to surface conductivity oj ina 


direction perpendicular to that of the helix terms. 


form 


k? tg? D 
ae 


+4 + SE (tg? ® — 1) = 


The resultant dispersion equation has the 


ayy 


—1 


= [1 + SE (tg? > —1)]. (17) 


a5 


In the absence of a beam T/t=1 and (17) is transformed into the "cold" dispersion 
equation of a system relative to the propagation constant yg. In this case Bg and ag are 


defined by 


g, = V tg? D —a2, (18) 


tty = (19) 


tg?D — 1 
= = Oy 54. 
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Unlike the phase constant in a helix surrounded by an unbounded absorbing medium, the 
phase constant in this system decreases and consequently the velocity of the wave increases 
with increasing attenuation constant ag, up toa value og=ktan®. This is due to the in- 
crease in the coupling between the neighboring turns with 
increasing conductivity 01. However, at real values of 
the attenuation, the velocity of the wave hardly differs in 


either case from the value it has in the absence of attenu- direction of direction of 
ation. ' _ helix turns conductivity 
The foregoing calculation enables us to draw the im- Ze : om 


portant conclusion that in the region of the absorbing : ay 

insert the amplitude, and consequently the power of the 

slow wave of the beam, in spite of the presence of ab- ae Ne 
sorption, not only do not decrease, but even increase. Fig. 3. Helix with finite conduc- 
In this case the radial structure of the field of the ampli- tivity in a direction perpendicular 
fied wave hardly differs from the structure of the field to the direction of the turns. 


of the wave in the insert region in the absence of a beam. 

This can be readily verified by comparing the real parts of the radial constants T and T 
with the real part of the constant 79. It can be shown that the power fluxes in this system 
are determined by the real parts of the radial constants, and consequently the ratio of the 
power flux passing along the absorbing insert to the power flux scattered in the absorber is 
the same for the slow wave of the electron beam as for the natural wave of the system, i.e., 
it is determined by the value of ag. 

The fact that in spite of considerable absorption the power of the beam wave does not de- 
crease, and even increases somewhat, is due to the conversion of the energy of the electron 
beam into high frequency energy of the electromagnetic field. 

Because of the smallness of the build-up constant and the insignificant length of the in- 
sert, the power of the beam can be assumed the same at the beginning and the end of the 
absorbing insert. Since it is precisely the amplitude of the slow wave of the beam that in- 
creases in the active portions of the tube, then if the ends of the insert are so matched that 
no transformation of waves takes place, it can be assumed that the absorbing insert causes 
no attenuation of the amplified signal. 


4, DETERMINATION OF DEPENDENCE OF THE ELECTRONIC EFFICIENCY 
ON THE POSITION OF THE INSERT AND ON THE ATTENUATION IT PRODUCES 


The results obtained enable us to determine approximately the energy scattered in the 
absorbing insert and the dependence of the electronic efficiency of the tube on the position of 
the insert and on the attenuation it introduces. The power loss in an element dz of the ab- 
sorbing insert is determined by the expression 


dPa = 2a, P (z) dz, (20) 


where P(z) is the wave power in the element under consideration. Assuming the P(z) to 
be constant along the insert and denoting it by Pi, we find that the power Pg scattered in 
the insert is given by 


Pa ghee (21) 


where / is the length of the insert. If we denote by L the total attenuation (in decibel) intro- 
duced by the insert, we get 


L 
Pa=Pi raz: (22) 


Since usually L is on the order of 40-50 db, it follows from (22) that the power loss can ex- 
ceed by a factor of 10 the power of the transmitted wave. 

It is known that the maximum output power of the tube, or the saturation power (Pout®) 
is determined by the power of the electron beam (Pg) and by the electronic efficiency (Ne). 
The latter is determined by the parameters of the slow-wave system and of the beam, includ- 
ing the losses in the slow-wave system and in the insert: 
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_ Pout (23) 
Ne= Pawan 


If we neglect the losses in the slow-wave system, then for given system and beam parameters, 
Ne will decrease with increasing power absorbed by the insert. Assuming the maximum 

power given up by the beam is independent of which part is scattered in the absorber and which 
goes into the useful signal, we can write 


Pout = Potimax— Pa, (24) 


where Nax is the maximum value of the electronic efficiency. 

As follows from (22), the power Pg 
is proportional to the power of the wave 
in the region of the insert, P,. If we 
denote by Kg the gain of the output por- 
tion of the tube, then Py is given by 


7/7 max 
10 


Outs (25) 


Using (24) and (25), we find that the 
ratio of the saturation power to the 

ig 7 20 73 maximum output power or, what is 
k, db the same, the ratio ne/nmax is 


3 df 10 


Fig. 4. Dependence of relative value of elec- Ne 4 
tronic efficiency, ne/Nmax, on the gain Kg of ici oe ee 
the output portion by different values of insert mes t+ 53h Re 
absorption L: 1 — L= 4.34; 2 — L= 20; 3 — 

L= 43.4;4 — L= 80 Fig. 4 shows plots of ne/nmax vs. 

Kg, calculated from formula (26) for 

different values of L. The gain Kg is indicated in decibels. Since its value is approxi- 
mately proportional to the length of the output portion of the tube, the curves given illustrate 
the dependence of the saturation power on the position of the insert and on the attenuation L 
introduced by it. The greater K2 andtheless L, the greater 79. 

The maximum value of Kg is limited by the excitation of the tube at the output portion, 
and consequently is determined by the quality of matching of its ends (the absorber and the 
output matching device). The minimum value of L is limited by the excitation of the entire 
tube and should exceed by 10 db the measured value of the gain. Precisely these considera- 
tions should govern the position and parameters of the absorbing insert. The length of the 
initial portion of the tube is determined by the over-all gain and must not exceed the length of 
the output portion. 

In conclusion we note that the calculation offered here provides only a qualitative estimate 
of the phenomena occurring in the region of the absorbing insert. The results obtained cannot 
be used when the phase velocity of the electromagnetic waves in the region of the absorbing 
insert differs greatly from the velocity in the remaining portions of the tube. 

The author is grateful to L.N. Loshakov for a discussion of the present paper. 
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EXCITATION OF A DELAY LINE BY MEANS 
OF A PERIODIC SEQUENCE 
OF IDEALLY FOCUSED ELECTRON BUNCHES 


G.F. Filimonov 


An analytic solution is found for the problem of excitation of a homogeneous (and also in- 
homogeneous if € ~ 0) delay line by means of a periodic sequence of ideally focused (i.e., 
with zero transit angle) electron bunches. Numerical values are obtained for the electronic 
efficiency of the tube and for its optimal length. The results are compared with calculations 
made for different methods of exciting the delay line. 


INTRODUCTION 


Many recent papers (see, for example, [1]) are devoted to theoretical and experimental 
investigations of traveling wave tubes. These treat extensively the problem of the interaction 
of the slow-wave field with an electron beam which has at the entrance to the delay line a 
constant velocity and a constant density; the maximum attainable efficiencies are obtained as 
functions of several TWT parameters, primarily the smallness parameter e and the velocity 
detuning parameter £0. 

Certain interest has also been displayed recently in investigations of properties of tubes 
in which the UHF waves are generated by a periodic sequence of focused electron bunches. 

The present work is aimed at atheoretical investigation of the energy capabilities of a tube of 
this kind, constructed in the form of a delay line the input to whichis anonrelativistic electron 
beam with periodically varying (in accordance with acertain law) velocity and density. 

The field excited will depend, naturally, both on the duration (i.e., the "transit angle"') 
of the electron bunches entering the tube, and thé dispersion of the electron velocities in the 
bunches. It is possible to single out here, however, a simpler problem, which is more 
amenable to analytic solution, that of excitation of a delay line by a periodic sequence of 
ideally focused electron bunches (i.e., bunches with zero transit angles). This article is 
devoted to a solution of this problem. 


1. FORMULATION OF THE PROBLEM 


The fundamental equations of the nonlinear TWT theory can be written in the form given, 
for example, in [2]: 


Ot ot \8 é : 
are Ae = ($5) Re ai Ee-tot, (1) 
oo + WE = —ihRyj, (2) 
ie 
j= 2) Fo fo (to) cto, (3) 


0 


where tg is the time when the electron enters the tube; z, t=t(z,tg) are its running coordi- 
nates and time; e and m are the charge and mass of the electrons; E is the complex am- 
plitude of the field acting on the electron (the Coulomb field is discarded by virtue of the 
assumption that the bunches are ideally focused); ho is the wave number of the slow wave; 

Ro is the coupling coefficient; T is the period and jo(to) is the electron current at the input 
to the tube. In the ordinary TWT theory this current is assumed constant (jo(tg) = jo = const); 
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in the case which we are considering, that of ideal focusing, jg (tg) is proportional to the 
6- function: 


(4) 
jo (to) = jod(4r), 


Jy (tp) is the electron current averaged over the cycle. 


In Eqs. (1) — (3) it is convenient to change over to dimensionless quantities, by putting 


wt = Oty + hy +w(B), 2= 28, hy = hoy == (1 + 08); 
Rojo 


Heer 


Here vg is the velocity of the electron at the entrance to the delay line; Vg is cA entrance 
potential; € is the smallness parameter. Assuming further 


(QU es 5 1S 


ne vowef. (5) 


Be alle sada aa) (Cm (6) 


with the additional condition 


F, (f) eile en F. (6) eo ilez =O. (7) 


we obtain in lieu of (1) — (3) the following system of dimensionless equations, which describe 
the nonlinear processes in a TWT excited by a periodic sequence of ideally focused electron 
bunches: 


—w" ='(1 + e&, + ew’)? Re (F,e%2 + F_e—tuz) e—tot, (8) 
F, = pes Se Qe U(NoZEN gz BED). (9) 


The prime denotes here differentiation with respect to ¢. 

According to the derivation given in [3] for the field Eq. (2), this equation determines the 
amplitude of only the ''resonant" natural mode of the delay line, the phase velocity of which is 
close to vg. All the remaining natural modes of the delay line either pertain to the field of the 
repulsion forces (slow waves) or are left out (fast waves) since it is assumed that they produce 
small oscillations, which change insignificantly the principal solution defined by (1) —(3). 
Therefore, integrating approximately Eq. (9) for F_, we obtain 


cma 
Re F_¢—ihez—iw! ~ Ro de—2ihez—iw__ © < : (10) 


Here d is the integration constant. It is easy to see [see (8)] that the "backward" wave F_ 
causes, in the case of excitation of the delay line by a periodic sequence of ideal bunches, 
only small oscillations of the solution (accurate to effects ~e¢3), and within the limits of the 
accuracy of the method this wave should be left out in the equation of motion (8). When 

F ] = 0, we obtain for the power flux of the high-frequency field the following expression 


eS [ F,!2 
PNA aie Gos = a: (11) 


Here 1 is the efficiency of the tube and p its dimensionless power. 
2. SOLUTIONS OF EQS. (8) AND (9) 


After all the simplifications are made, we obtain for solution the following system of 
equations: 


—w" = (1 + eo + ew’)? Re F,e-™, (8a) 
Pee ee (9a) 
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‘Introducing the amplitude and phase of the field 


KG) nance) (12) 


and calculating the first integrals of (8a) and (9a), we obtain the following equations 


ew, = (1 — 9) * — 1 — eb, (13) 
gA=tyV4— A%, (14) 
eg = (1 + V1 —n) 1 — (15) 


which actually solve our problem. Indeed, substituting (14) in (15) and putting A'=0, we ob- 
tain the algebraic equation 

Q’ 208 cay 4 1+ e€ 

fv =e coe (16) 


from which we determine the maximum efficiency of the instrument (for given € and £0)» 
and after solving (14) and (15) with respect to A' and integrating we obtain the point t=t,), 
at which this maximum is reached. In the derivation of (13) — (15) we used as boundary con- 
ditions the equations 


w (0) = 0; uw’ (0) ==) £0; <A (0) = 0, (17) 
which correspond to the initial velocity of the electron equal to vg, and to absence of the 
field of the "forward" wave at the entrance to the tube. Eq. (16) is best solved by making the 
substitution 

n = sin, 


and for the sake of being definite we assume jp to lie in the first quadrant (0 < w < 90°). Then 


ry) opele F 
. : t+e(r>ted?] ie 


\ 


and (15) becomes 


D2 =) 4e3 
%+3svt+2q = 0, s=—F Ds g= 2-14 B45], (19) 


if we put 


@" es ve) aul: ; 
[eT TER VEIG re a (20) 
[eters } ke 
Wasa) om 4 Ae hei<0; 
and the assumption 0 < wp < 90° made above imposes an additional condition on v 
eter Sh we SV 


which serves to select the necessary root from among the real solutions of (18). We note that 
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the condition 0 < wp < 90° is not obligatory. Relations (18) — (21) remain valid when % lies 


in other quadrants, too. 
For real s and gq, the character of the solutions of the cubic equation (18) is deter- 


mined by the sign of the discriminant 


2 3 Eo Ss £&o 2 2 Bo 
D=¢+s=0,5 —(2) +3+e8(5—2H)- (22) 
If D>0, then Eq. (19) has only one real solution 

pee (ag Dy (ge (23) 


which indeed determines the maximum efficiency of the tube under consideration. If d<0, 
all the roots of (19) are real and satisfy, within the limits of the values of « and &@ of 
interest to us, inequality (21). Inasmuch as A begins to increase from zero and decreases 
after reaching the first maximum, we must choose among these three solutions the one cor- 
responding to the smallest 7. 

Let us consider the dependence 7 =7 (9) in the case D>0. As follows from (18), if 
condition (21) is satisfied then n is a monotonic function of v, which increases together 
with v. It easy to see that for fixed € and g +a (D> 0) we have 


2 n 25e2 (24) 
and 7 is a small quantity. When )=0(D>0) we have 
2/4 
1, & 
ym? |! —() ie (25) 
and when 


bo = boprm aa, + 2 + (2 — 4,5) (26) 


(D= 0), v reaches its maximum value, namely 
a eas): eEopt 
v= Yopt me 7) E + aa . (27) 


Formulas (24), (25), and (27) show that as £9 varies monotonically from -o to approx- 


imately 3/ 21/3 the efficiency of the tube increases monotonically. The values of p obtained 
thereby, for « ~0 and equal values of £9, are not more than 2 — 2.5 db greater than those 
given in [4], corresponding to a TWT with homogeneous beam at the entrance. 

Further increase in £9 leads to negative D. It is easy to see that as 9 moves away 
from opt towards larger values of £9, the values of v and 7 rapidly decrease, and ap- 
proach as 9 + o the small quantity 


ce 2 arte ale ae (28) 


E 

It is interesting to compare the case of large detunings £9 + + 00. When £9 ~-o (see 
(24)) the efficiency tends to a constant limit independent of 9. But when Eg ++ 0 we have 
n ~ &)~2 and it tends asymptotically to zero. | 

The foregoing analysis of the relationship 7 = 17 (0) shows that among all possible values 
of £9 there is a definite region of values, within which the interaction between the electrons 
and the slow wave is most intense and 7 reaches its aa value. Quantitatively this 
region can be estimated by the inequality 0< §9 < 3/21/83, 

Table 1 lists the numerical values of n for different € and €q-. For large values of ¢ 
and for € g = 3/21/3 | the tube efficiency is quite high. * 


*A simple analysis shows that neglect of the second term of the right half of (10) in the 
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The upper limit of the instability region of an ordinary TWT (i.e., with homogeneous 
beam at the entrance) is £g ~ 3/41/3 and is found to be lower than in the tube which we are 
considering. We see therefore that the width of the instability region of traveling wave tubes 
depends on the excitation method. 


Table 1 


Values of 7 as functions of ) and « 


€ 


50 


sano | one on |, ee 02 
0 | 5.04e | 0.24 0.36 0.48 0.58 
0.75 7-248 | 0.34 0.54 0.70 0.82 
3/4/s 11.02 0.44 0.70 0.86 0.95 
3/28 12.7e 0.48 0.76 0.90 0.98 
4/2'/s 0.92332] 0.046 | 0.093 | 0.140 | 0.188 


The optimal length of the tube ¢ = ¢,,, at which maximum 7 is attained, is given by 
the equation 


which follows from (14) and (15); ty is given by a linear combination of complete elliptic 
integrals of the first and third kinds: 


m/2 
e Br — Oy dp (30) 
tm = 1 \|1 re (et ge )] ==. 
0 digit ge 1COSe®, V t-pain’ 
1 
where 
ri 2 (B1 — O1) : 
Bi 1 1 ‘ 
Van Ea teen) poracr 
2a 
ge af + ay (8. — 2p) + 2(orel2) 
RRS ET eas poee 
1 2+ Gy (pw — 2) + du t+e(otete) 
4u-+ 
Dr, ch indi eLamne vd 
me pee 


V 2u—* : | 1+ 8&0 Dime 7 
= I AT ee a a ae 
[baie ol iobdaciagenys ats 
v is the necessary root of Eq. (19). Since there are no published tables of complete elliptic 


BY se : 
integrals of the third kind, it is necessary to expand nee cos? °) in (30) in powers of 

at 
ae , using the smallness of 812/04" , and retain the first two terms of the expansion. 
oh 
Then tm is given in terms of the tabulated elliptic integrals of the first and second kind 
(see, for example [5]) and can be readily calculated. 


equation of motion is valid when 7 < 95%. When 7 < 95% the power flux corres Gpcite to 
the dimensionless force -c3w''/8 increases and, for example, when £9 = 3x Oe and 
€ = 0.2(n = 0.98), it decreases 7 by 2%. 
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The calculations performed have shown that when £9 lies in the interval 0< Ex oA 
the optimum length of the tube ty, changes slowly (and almost linearly) together with €, and 
with accuracy of about 10% it is equal to tm = 2 for ¢ + 0 and {m=1.3 for ¢€ =0.2. When 
g= 3/21 3 the optimum length is tm=4.5 for « +0 and €m = 2.2 for € = 0.2. 

These results show that the effective length of the instrument considered is approximately 
1/3 as large as the effective length of an ordinary TWT with homogeneous beam at the input. 
The noticeable (almost two-fold) increase in tm as ) > opt is connected with the fact 
that as & — fgpt only the degree of transfer of energy from the electrons to the field is in- 
creased, but not the rate (i.e., the gain per unit length) of this transfer. An analogous effect 
occurs also in an ordinary TWT with homogeneous beam at the entrance. 


3. INCREASE OF EFFICIENCY OF THE TUBE 


The design of a TWT tube with large coupling coefficient is technically a complicated 
problem. Therefore, a search for methods of increasing efficiency of tubes with low coupling 
coefficients (« < 0.05) is quite urgent. In Eqs. (1) — (3) are contained two parameters hg 
and Ro, which determine the phase velocity of the slow wave in the "cold" (i.e., when jg 
(to) = 0) system and the degree of its interaction with the electron beam. These quantities 
were assumed constant in the foregoing discussions. The question is, can we increase the 
tube efficiency by smoothly varying ho or Ro along the tube? 

The value of Ro is very difficult to change within a wide range. We shall, therefore, 
consider below only the effect of the variable hg on the efficiency 7 of the tube. The prob- 
lem of the optimum choice of hg = hg(t), at which reaches itsmaximum, is quite rigor- 
ously formulated. By supplementing the system (1)-(3) with the energy integral contained init and 
varying the latter with respect to ho with fulfillment of conditions (1)-(3) , we can obtain Euler's 
equation for the extremal function hg=hg(C), and certain additional conditions, which relate the 
boundary values of the functions E(z) , hg(z) , and t(z) with each other and which determine the posi- 
tion zg of the extremum point of the function |E(z)|. 

The problem so formulated is quite complicated, since its solution must satisfy definite 
constraints imposed on E(z), hg(z), t(z) and their derivatives at the point z=0 and 
Z=2Z 1, Of which z 1 (the extremum point) must be determined during the process of the 
solution. A simple estimate of the extent to which such a problem is laborious shows that it 
is easier to specify ho(t) in the form of an arbitrary function, which depends on several 
parameters, and the best choice of the latter is made with the aid of trial solutions, as was 
done in [6]. Nonetheless, a rigorous formulation of the problem of finding the optimum ho(¢)- 
leads to interesting qualitative conclusions concerning the extremal properties of the investi- 
gated interaction process between ideally focused bunches and the self-radiation field (diploma 
thesis of Yu. A. Khristev). 

It is found first of all that it is possible to attain an absolute field maximum 
(dt (zy) /z = 00) only with the aid of a special variation Rg = Rg(z). Since Rg was assumed 
constant in [6], the extrema obtained there are not the extrema of the given type. The second 
group of extrema is characterized by the satisfaction of the condition (w(t4) - 9@y)) = 0, in 
which the acceleration of the bunch vanishes, and the field of the slow wave does not act on 
the bunch as a whole at the point of extremum. A remarkable property of extrema of these 
kind is that to realize it one does not need a unique specification of the boundary values of 
E(z), t(z) and ho(z) and of their derivative. We note that in [6] this fact manifests itself; 
apparently, in that |E(z,)| was practically independent of £9 under a suitable choice of the 
parameter qa introduced in [6]. 

There exists, finally, a third group of additional conditions, which lead to the satisfac- 
tion of the necessary condition of extremum A'(t;)=0. It is characterized by a unique 
specification of the boundary values and leads to w" (¢4) #0. This means that at the point 
Z= 4%, the field either already slows down or already accelerates the electron bunch, and is 
not equal to its maximum value. Therefore, these conditions were not investigated in detail, 
since they have no physical interest for our problem. 


4, INVESTIGATION OF ISOCHRONOUS MODE 
A tube with variable ho = ho (t) can be called "isochronous," since a definite phase shift 


between the bunch and the field is maintained in it by artificially slowing down the cold wave 
("synchronization"). 


In the case of variable ho = ho (t), there naturally appear in the fundamental equations 
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'two wave numbers 
Ih = ho (6) = 3 (1+ 8& (£)); ho (0) = hoo = 2 (1 + v0) (31) 


and Ro is found to be a function of is The dimensionless equations for the isochronous tube 
follow directly from Eqs. (80.09) and (80.04) of [7], which represent the field acting on the 
electrons. Taking ho, Ro in (5) to mean hog and Rg(0), we obtain in lieu of (8) and (9) 


Zz Zz 
if e(t)dz =i f ho(t)dz 


w"= — (4 + ef + ew’)*Re [Fie ° +Fe? | oy 


F a [hoozF f ho(%)dz+-w | 


The dimensionless power is defined here by the formula 


C 


mae Leto) 
P =7\%, 71 F +): (34) 


In the case of a cylindrical delay line (see [3]) the value of Ro (¢) in the first approximation 
in powers ofe€ is 


@b\? 
ST eee ae ae es ret fase Ms (35) 
Ro (6) : 1—3(2)" 


where b is the angle of the electron beam. According to the experimental results given in 
[1] (p. 94), wb/vg must not be assigned values greater than 0.8, for when wh/vg > 0.8 the 
efficiency of the tube is reduced by the stratification of the beam. Corresponding to these 
values of wbh/vg are 0<y<1/3. 

Proceeding now from Eqs. (32) and (33) to their first integrals and using for F+ expres- 
sion (12), we obtain 


a A 
a ROY qa Rol 1p) Ro) 
WA = VY (25D) A= arty | Ge tu’ — Ry Add, Sa 


0 


which enable us to calculate directly the maximum values of the amplitude A. For this pur- 
pose we need only put in (36) A'=0 and integrate there. 

As before, w' is determined with the aid of (13), where the value of p is taken from 
(34) and £(t) must be specified in explicit form. Since the slowing down of the electrons in 
the tube is equivalent to an increase in the efficiency 7, it is meaningful to assume £{(t) to 
be an explicit function of n or, what is the same, an explicit function of A2, The latter 
representation 


E() =%&+ >) ge" Al” (37) 
k=1 


appears to us to be more expedient. 

We have already noted above that the use of isochronism to increase the tube efficiency 
is meaningful only for small ¢, when the efficiency of the homogeneous tube is small. 
Therefore, assuming € in (36) to be a small quantity and expanding the right half of (36) in 
this quantity, we obtain the following equation for the maximum field amplitude. 
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4 
+ 1n($—%)] + 8 F[7g—%9 (1 + eb) + BE + 
+ q(— + —29)]+---- 


For comparison we first consider the solution of (38) in the nonisochronous case q,; = 0. 
Putting in the limit ¢€ =0, we obtain a cubic equation which has a single real root when 


42=—Ba 4 4/4 — q(t +erte)] +2 > [3 —gall + orb) + 


(38) 


& < 3.271/3: 


A= Aytte) = 2[ 1/14 1-28) + / 1-V 1-28), (39) 


which reaches its maximum when {0 = 3.2-1/ 3, and when the other two roots of (38) become 
equal. We note that (38) enables us to calculate small additions to Ag (é), corresponding to 
finite values of e. 

In the simplest isochronous case qk = q 16 k,1 (6 k,p = 0, if k#Ap, and 6 lope if 
k=p), Eq. (38) again is cubic when €=0. Choosing qj in this equation ; 


bis! 1 /E0\3 
a=Z—z(F)- (40) 
such that for each 9 the two roots of (38) remain equal, we obtain 


A = Ai (&) = 7 (41) 


It is easy to show that the Eq. (40) for q, indeed leads to extremal values of Aj (é9) (with 
respect to qj. 

In the analysis of (38) we undertook to obtain for ¢€ = 0 larger values of Aj (é) (than 
given by (41)) by retaining in (38) terms of higher order with respect to A(ql = q'je7l, 
q2= q'ge72, ...). However, the results were unfavorable. This means that a quadratic 
variation of € with A(q, = ql Sk) is the most expedient for slowing down the wave in the 
case of ideal focusing of the bunches and infinitesimally small values of e. 

As can be seen from (41), Aj (&)) reaches its maximum when §9 +0. The infinite 
value of A,1(0) is the result of the idealization ¢€ = 0. The correct value of Aj (0) can be 


obtained directly from (38) by putting there fg) = 0, q, = + 8k (see (40)). We then get 


lh 1/ 3/ 1 
ee \" +078 * (42) 
uel gh ae be | 


The second term in the square brackets of (42) characterizes the accuracy of calculation of 
A;(0). We see readily that when 0 < y< 1/3 the amplitude A, (0) is practically independent 
of y. 

If we now choose the coefficients 9, q 1, and dg in such a way that the first three 


1 3 + sal 
terms (£9 =0, a,=% 5k, + = 64,2) vanish in the right half of (38), we find that 


Ai (0) ~2 (saat yi ae 


i ibedi e 
hae 


When ¢€ < 0.125 this value of A, (0) exceeds the value given by (42). This means that ina 
real tube (« #0) the efficiency of different synchronization methods at —€9g =0 depends in 
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a complicated manner on the value of ¢. It is easy to see that the right half of (43) also de- 
pends little on y in the interval 0 < y< 1/3. 


Fig. 1. Dependence of 7 on € when y=0. 7 


2 
1 — Isochronous mode for 9 = 0, qk = 7 8k + "| 
+ 2S dk 2 (see (43)); 2 — isochronous mode for 04+ 
£0 = 9 gk =i areal (see (42)); 3 — non-isochronous oh 
mode for & =0 (see (39)); 4 — non-isochronous = 
0 


mode for £9 = 3.271/3 (see (39)). 1 2 3 4 5 -lge 


Fig. 1 shows the dependence of 7 on ¢€ for &)=0 in the isochronous mode (curves 1,2). 
For comparison, Fig. 1 shows also the lines 7 =7(€), corresponding to the non-isochronous 


(qk = 0) mode with ) =0 (curve 3) and £9 = 3.271/3 (curve 4). The comparison shows that 
while isochronism increases the efficiency of the tube at a fixed value of &, the limiting 


efficiencies of the homogeneous tube (q, = 0, &9 = 3.271/ 3) are found to be lower than the 
optimum isochronous efficiencies (€g = 0) only when ¢-< 0.05. It is quite interesting to 
compare the values of A given by (41) with the calculations carried out for other methods of 
excitation of the delay line and « = 0 (see Table 2). It is convenient to take 9 = 0.75, for 
as 9 ~0 we cannot use (41). 


Table 2 
Values of A as € +0, &9 =0.75, and different q, and jg(tg) 


RN A jo(to) qk 
1 2.9 To 0.759, 5 
ip 
ame wo(Z) 0.758, » 
10f to 0.1-2n—wt 
ite [ha Ni Mee 0.756 
Sa ea ie sate a k.0 et 
Aaa 888 fe 0.758,.04+—7— 5; » 
t 0.969 
S146 iv6 (7) 0.750k.0+ —Z— Spa 
_ MOF te. 0.41.20 — wt, 0.750 
6 Davo Jo 2 [ Jeol + [0.4 -200 =a gore a 8.9 ance 
: 10 to 0.1.20 — Olo . . 
7 | 458 jo & | ji + wire 0.758 pot On.e + 16 On-4 


The first line of Table 2 yields the value of Amax obtained in [4] for excitation of a homo- 
geneous helix (q, = & 6, 0) by a homogeneous beam of electrons (jg (tg) = jo). The second 
gives Amax for excitation’of a homogeneous helix by ideally focused bunches. The result is 
somewhat higher. In the third line is given the value of Amax obtained when the delay line is 
excited by a periodic sequence of bunches with duration of 0.1 cycle (equal to 27 in dimen- 
sionless units). We see that Amax coincides with the preceding result. In the fourth line is 
given the same result obtained in the simplest synchronization method on =iEO 3k,0 + do bi 9) 

te) 


when the electrons and the wave move in a tube excited by a continuous 


w of electrons at the 


entrance (see [6]), while the fifth and sixth lines give the result when the line is excited by 
ideally focused and extensive bunches, respectively. As can be seen, the results are highly 
divergent in the isochronous mode, in distinction from the non-isochronous mode (lines 1, 


eS 


The seventh line of Table 2 shows t 


hat the efficiency of the tube can be appreciably in- 


creased (doubled in terms of power) even at small spreading of the exciting bunches, by 
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retaining in (39) terms with higher order of A. This difference from ideally-focused bunches 
is probably due to the fact that the optimum synchronization of the motion of the wave in ex- 
tensive bunches includes not only a sufficiently rapid slowing down of the "cold" wave, but also 
a concentration of the initial bunch, whereas the "ideally focused" bunches (four) can no longer 
be concentrated. Fig. 2 shows the function P= p(t) for the seventh line. 

Pp 


30 pe es Oe 
Fig. 2. Dependence of p on ¢ for fo 
20 10] te 0.1-2% — ato | 
(t0)=70 5 fe + [0.4-22%— ot | 


0.05 
and g, = 0.75 d4.9 + 0.125 d;,.5 + Fe Ox. 
10 


Comparison of the values of qo in the 

f SEIS CRI EG fourth to sixth lines of Table 2 is evidence 
that the rate of transfer of energy from the electrons to the wave and vice versa depends 
appreciably on the method of excitation of the traveling wave tube. 
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GENERAL DISPERSION EQUATION OF A TRAVELING 
WAVE TUBE WITH PERIODIC SLOW-WAVE SYSTEM 


V.N. Shevchik, A.A. Kurayev 


On the basis of premises concerning the cascade interaction between electrons and the 
field of a periodic slow-wave system, we obtain the dispersion equation of a TWT in the most 
general case for the one-dimensional problem. We indicate the boundary of applicability of 
the direct harmonic analysis. 


INTRODUCTION 


Modern high-power traveling-wave tubes employ as a rule periodic slow-wave systems 
(such as coupled resonators, periodically-loaded waveguides, etc.). Inhomogeneous slow- 
wave systems (for example, combs, facing rods, etc.) are also used in the millimeter band. 

The use of inhomogeneous lines as slow-wave systems for amplifiers makes it necessary 
to account for, in the analysis of such amplifiers, the discrete nature of the interaction be- 
tween the electrons and the field of the line. In harmonic analysis, the field of the line is 
expanded in a Fourier series in the spatial harmonics, and the interaction between the elec- 
tron beam with each of the harmonics is calculated [1 — 4]. The resultant field of the line is 
represented in the form of a sum of the terms of the infinite series; the magnitude of each 
term depends on the degree of interaction between the electrons and the field of a given har- 
monic: * 


(I) 


In the case when the electrons are synchronized with one of the spatial harmonics, the 
term of the series describing the interaction with this space harmonic becomes considerably 
greater than all the other terms. In this case the expression for E simplifies to 


g—|nhlgre) iT? Vi, (1) 
ee eS eo 


and this leads subsequently to a simplification of the characteristic equation of the tube and 
the possibility of reducing it to a third-degree equation. However, when the electrons are 
simultaneously synchronized with two spatial harmonics (as takes place on the limits of the 
pass band in inhomogeneous systems), harmonic analysis leads to cumbersome expressions, 
which cannot be simplified by introducing convenient variables. At the same time, analysis 
of the operation of the amplifier at the boundaries of the passband and beyond these bounda- 
ries is of interest [5, 6, 16]. 

There exists another method of analysis, which takes into account the interaction of the 
electrons with all the harmonics simultaneously. It is based on the notion of cascade bunching 
of electrons and the use for analysis of an amplifier with slow-wave systems such that their 
period can be broken up with sufficient accuracy into two parts, one free of fields (drift space) 
and one in which the field is constant (interaction space). Both spaces can be arbitrary in 
length, depending on the type of the slow-wave system. 


*Formulas (I) and (Il) are cited in accordance with [1]. 
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The cascade analysis procedure has been developed in [7 — 9]. This analysis is used in 
[6, 10, 11, 16] to obtain a self-consistent solution in some particular cases. The present 
paper contains a further development of this method and its application to the analysis ofa 
TWT in the most general case, for the one-dimensional problem, particularly with account 
taken of space charge, line losses, and finite transit angle in interaction space. 

The analysis is carried out for the case of small signals. The condition of smallness of 
the signal (and of applicability of the elementary electron-wave theory used in the present 
paper) can be represented in the form 


Relativistic effects are disregarded. Nor do we consider the stopping of electrons in the sys- 
tem and the associated decrease in the average current along the length of the tube. 


BASIC SYMBOLS 


6, — transfer constant of cell of equivalent line without account of induced current. 

9 — transfer constant of cell equivalent line with account of interaction between the line field 
and the electron beam. 

(A?) — transit angle of electrons in drift space. 

(1) —transit angle of electrons in interaction space. 

gy — transit angle of electrons through the period of the slow-wave system. 

E9 — field intensity of the ac component of the space charge. 

®p — V477 pg — plasma frequency. 

Re — coupling resistance. 


3 
G=VIpR./4Vo — amplification parameter. 
1 — length of period of slow-wave system. 
d — length of interaction drift space. 


The remaining symbols are explained in the text. 
1. SOLUTION OF ELECTRONIC EQUATIONS 


General equations. We consider the interaction space (Fig. 1). The connection between 
the beam parameters (p, v, Eg) and their connection to the applied field of intensity Ej is 
given by the system of equations* 


_ 1 OF, 
Pe Ona 
- 
= (Ei + 22), (1) 


From the first and third equations of the system we readily obtain 


= — 4npv 


dt 


or in the linear approximation 


*The system (1) is presented in a coordinate frame moving with the average electron ve- 
ocity vo. 
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‘Using the second equation, we obtain 


dy = F . 
oa + Anpyy = jonE yet | 


Introducing the notation g = wr, w= nE/ WOVog, a= Wp/o, we obtain an equation for the time 
component of the velocity in the interaction space 


d%y 


ag? + a®v == jopeleht | (2) 


For the drift space, where Ej = 0, we obtain 
dy re 
age +a?v = 0. (3) 
The general solution of (2) has the form 
Be GUN GO glee ae ON salt (4) 


The general solution of (3) is 
D = AMeiav® 4 402),-jael® a 


The arbitrary constants must be determined from the initial condition (y= 0). For this 
we must specify ¥ and d¥/dt at the start of the space. The derivative d¥/dt is connected 
with Eg through the equation of motion, i.e., specification of d¥/dt is tantamount to spec- 
ifying Eg. Using the equation of motion and the additional relation 


dimeede: 
at Poa’ 


we obtain an expression for E9 and T in terms of the arbitrary constants C1, C2(Aj, Ag). 


For the modulation space we get 4 


; jag(1) —ja(1) o F 
ja j = i (Ce 2 Ce jag )+ wet a eiotr+¢) 


(6) 


~ 


7 = Bo (giao. Gee saris 5 PHO. etotite 
Analogously for the drift space 


a sacl?) SAL) 
lip iz? CA ee tes 


(7) 


Re ite 4 (2) jal?) 
a 
We now consider the complete diagram of the interaction stage (Fig. 1). We see from the 
diagram that the determination of Vy, Eg, and ik reduces to a successive substitution of 
the initial conditions (V_/?, =0 and Egn/?p, =0 or Vn/?n = 9 and ip/Pp = 0) into the 
corresponding expressions for Vn and Egn or Vio and aA for the determination of Cy) 


and C,(?) (A, () and An(2)) » which is equivalent to joining the solutions of Eqs. (2) and (3) on 
the boundaries of neighboring spaces. Let us write these solutions for the k-th slot, intro- 
ducing x and yy in accordance with the equation Hk = pyeUs-De: 
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a) KI 
(1) sag) (OP + Zo _)——190- 
c ™m 


jag). ta? 4 
Dy = Che + Ce i o eile 
k—-1 
7 1 “a 
* , ine) ene ae eee i(o+ 2 ©) Or) 
Zs (1 2 ) 0) ae ‘ot 
Ex = j 2a(c ae Cie es ee (8) 
k-1 
; ( (1) ayy ee ‘ 
jag) jag) ‘ i(of ai a) (k—1)0 
(cm Ce ) j Laat eiehe 
For the k-th drift space we have 
ag?) (2) 
Phe —jaey, 
04 = == Ae ai Ae ; 
sag(2) ae) 
Buy = j 2alamer® — averrh’), (9) 


in = 22 Po! i ge jag?) eae canta 


a 


The initial conditions and arbitrary constants for the k-th slot. Let us solve the problem 
subject to the following initial conditions: 


sl 


=0, E2=0 (i = 0) for gi? = 0, (10) 


i.e., the beam at the entrance to the system will be assumed unmodulated. Under these 
initial conditions we obtain from (8) 


(oh rath 
f= aa? . 
C2 — _ Tor — pier, ee) 
4 7 (iteiera)\ ae 
For the k-th slot, we obtain recursion formulas for the coefficients o, (1) and C (2): 
k—-1 
j(ot+ > mn) , (1) (2) 
2 n Die, eek ptiae; , 
Cr = eae ene (1 NRE oe ae ; CBee 
(12) 
ka 
j(ott Dd ®m) ; (1) (2) 
5 0—je, ,— 39; a0 : 
Ce = 5 as € a \ greene (1 re re ae ‘) 4 Ceger ren, 


To simplify (12), and also to carry out succesive transformations, we used the smallness 
of the signal wy «1. 


k-1 
Let us consider the function f = = Ym = (kK - 1) 9 + AG(uy), wherein Agu4) = 0 at the 
point y,z=0. 
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We expand this function in a Maclaurin series in ites 


fim) =k —Ngo tars] +... 
Pa=0 


We note that of(u1)/8"1 + @ at the overtaking points. However, all the foregoing calcula- 
tions are within the framework of the electron-wave theory, in which overtaking cannot be 


Vn- 
considered. The condition We. a « 1 serves as a guarantee that no overtaking takes 
p 


place. Thus, within the framework of the linear theory we can write 


esr} 
D) Pm (kK — 1) gp. (13) 


Taking (13) into account, the expressions of (12) assume the form 


pee (Lyon (e) 
(1) Poa jfeots—(k—1) T] (saya ( (IT) +59 +349 ) (1) jae. 
Ck =, z(l 5). e de ale Ci1€ , (14) 
ante (tana) 
(2) ___ (Yor if4s—(k—-1) 7) e—a)0 ( fa eee ) (2) ,—Ja% 
Cr =23(1+a)° c dre + Cha : 


where the following notation is used 
Moe ilack LO nd SO by, Gye GE) 


— unperturbed transit angle through one period of the slow-wave system. 


Using (14) and (11), we can represent the expressions for C,,(1) and Cy, (2) in the form 
of the sums 


cH = cH i a) zs Let ORT dhe 
fe Lye) (4—i7 )gi2ate ae eae es) 
CP LEP (ad MIG Ty emi ahem 
, ere —Hsih 
4. Lae 9) (87) i2094 Tey Dias) (15) 


where 


—(a—iT) +504 jag?) —(a—jT) +50) —jae?) 


) Cs lz, =1—e 


The sums (15) can be readily evaluated by convolution, and we obtain as final expressions 
for the coefficients c,) and CO, (2) 


. - 4 aa(D) ing aaree(2)s 
- k(a—jT Gh Goa —(a—jT)+I59, ‘+ Jae, 
eg ipa ka ME 5 ie te 
a ( = a) e%—J1 — ef Pot 
pee i7)-+ 500) + jae(?)-+(k—1) jac) giok 
(16) 
jvopta  (eh@—3T) — em ikoue Bhat 
(2 ) : —€ ae 
Cree ee a ast _ oI ( 


—(a—iT)+5e—jagl?)—(k—1) ja jol, 
e€ (A 


The resultant coefficients enable us to determine the velocity, the current, and the field 
intensity of the space charge in any gap of the slow-wave system. 
Formulas for the current and power. Using the expressions for the arbitrary constants 
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(16), let us write down the formula for the convection current in the k-th gap of the system: 


2 ae {(8—1) (a—IT)+i0") pia) - (ai) _ pjkova 
ik = — Iualy {- ——— — | Se ta 
~(a-iT) tie) +00 eae 3 pine kla5T) _ g—akoua *s 
i | + 2a (1+ at Ei at sgh 
; al) jae(2) 
Sa iT PIP IOC Sera. i 
e 0 * ¢j i(k nae] eit, (17) 


We now calculate the power of interaction between the electron beam and the high fre- 
quency field in the k-th gap. For this we make use of the well known form 


ea 
1 iter 
Py= > —~ \ Exixdp™, 
o 


where 


* V. r f 
By ewig meting ie; guage!” 


Substituting into the formula i, and E*;,, we obtain after integration 


—j(1—a)s Z ; # he. 
IP, ex(k—a __ é a gied ay eae 


Pi, = [Vp {= Saar Lye#—1ati7) 4 


etd — e/ Pott 


+e 


—a-IT )tiegtiag gilkDae, eiaiees)| med, ey = tlt yaad 


i‘ 2a (1+ a); 


et Il __ p08 


i —(2—§T)+4eg—Ja0”) _ yao, Ue . 
x Lye Cs WAtIT) 4» d 0 gk) a0 4 (hk pati}. (18) 


If the system has m gaps, then the total power of interaction for the entire system is 
determined as the sum of P, over all the interaction spaces: 


After summation, we obtain the final result 


Pem = IV pi 


=a : jo, +iac(?) 
eu e at ih nay ps eh ele os! 


: bal 
pvilttaeg? CoG hexyr sea ins ) 


a* 2a (1 —a)? et—Il __ piva Si 


Pi | en iit—aeq Bey 


= 2a(l+ a), et It __ gs ou pio 7 2a (1 — ap? x 
(2) 
eI Pot __ sere eMat+iT+jo0) 4 e iii taleg 4: 
at — el 04 et til + ier 4 a ED (l-+ ap? x 
: + (2) 
5 joy—ie 
eit _g 4 0 om(atjT—foa) 4 
eit gated (ati —3ea 4 (19) 


We note that in the case of a self- ~consistent solution, only the exponential part of the 
power is meaningful, i.e., the part corresponding to harmonic variation of the current from 
gap to gap. Let us transform this part of the power to the following form 
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J 9 4 12 Tch (—0+ /@n) — cos Qoa 
pexe _ fo 12 [ch (—0+19 Qua] 
em ~~ 4Vq 1 4[ch (— 0 + jpo)—cosqua] (1—@*) Qy x 


{ Me i8-%d__ 4 — a) Me toed Fi? piesa __ jty2,,— oa 
pec! e (1—a) Me ia ree bat Me = 


a 


Fe aye ° 
_ ca bhi | enti (20) 


We use here the notation 


sin (1—a)@ ae sin (1 +a) 
oa = M, See el Pans Oi 
( — 4) Pay (1 + a) Pave 
We introduce the additional notation 
civil chat Me er a) en 4 
/ 2a (1 — a) T Gaye, pe Aey 
M? eifot _ MM e—i900 ms mM Mm — Nr A Me 
a % a Ts y 


Let us explain the physical meaning of the coefficients introduced. The coefficient Agg 
can be represented in the form 


es ® cos (1 — a) gy cos (1 + a) Qy 
Od) a2)2) a aia) ~~ 2a (1 + a)? ' 


; sin (1 — a) Qy sin (1 + @) Qy Pa 4V Pp 
ce 2a (4 — a)? 2a (1+ a)? a= ae 


Thus, in the power formula the coefficient Agq describes the diode effect [12] due to the 
finite transit angle of the electrons through the gap. When 27<9g< 37Pqi<0, i.e., 
when 2m < ®,d/vg < 31 where Wy is the natural frequency of each cell of the system, mon- 


otron type oscillations can occur in the tube. The coefficients om") and m(2) can be re- 


written in the form é 
ae +o. Si ’ 16V, 
Mee ] (uM? + M) ar a ac PeadCOS Poe, 
@ 4 
M® as PL Pead 
My 


These are the coefficients of beam modulation in the gap, with account of the diode effect. 
Using the notation introduced, we write 


exp Ty 12 4 
Pom ~ 4Vo + 4[ch(— 0 + 7G) — cos Goa] ’ 
9 : fey A M® — Mei Cesk 
x (4[ch(—6 + Jo) — cos got] Aeg + 2 ig eer (21) 


2. LINE EQUATION WITH ACCOUNT OF THE INDUCED CURRENT 


The most rigorous method of analysis of transmission lines and all other microwave cir- 
cuits, with account taken of their finite dimensions, is the method based on solving the Max- 
well equations with boundary conditions imposed by the construction of the system. This 
method can be used, however, only when the boundary conditions in the system are sufficiently 
simple (more accurately, when the boundary is described with sufficient simplicity in terms 


of the coordinates). 
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An investigation of microwave sys- 
tems with the aid of Maxwell's equa- 
tions shows that there can exist in such 
systems an infinite number of oscilla- 
tion modes (TM, TE, TEM). In the 
slow-wave systems of interest to us, 
however, types TMg 1 (E01) modes are 
used. The higher E modes have a 
high frequency and, therefore, do not 
propagate within the frequency band 
under consideration. H modes are 
not excited by the electron beam. All 
this enables us to use, in the calcula- 
tion of certain periodic systems, 
equivalent circuits with lumped con- 

Fig, 2. stants, so that the main shortcoming 
of this method of calculation, namely, 
that it describes the behavior of the system at only one oscillation mode, becomes immaterial. 
The equivalent-circuit elements can be calculated from the geometrical dimensions of the 
slow-wave systems or can be determined from data obtained by "'cold"’ measurements. In 
some cases it is convenient to use equivalent circuits madeup of segments of long lines [13]. 

Line equation. In the derivation of the line equation we recognize that there are two 
ways of setting up the equivalent circuit of the line with respect to the electron beam. Both 
ways are shown in Figs. 2a, b. Let us derive the line equation for each version, applying 
the two-port theory developed in [14]. 

As is well known from two-port theory, the input and output voltages and currents are 


related as follows: 
Ve fe An 2) Ween 
bs = Bs 4a)\ 7... )? (22) 


where 


r h 
Ay =ch 0; Ay = ZyshOy; Ay = we Ase = ch8,; 


6, is the transfer functions of the two-ports; Zg is the characteristic impedance of the 
symmetrical two-port. 
We transform (22) as follows: 


Lee aabe See Vs 
Ce ) : ml ie hi ae \ (23) 


n+ a 
sh 6 cth 6, 


Using (23), we establish the connection between the induced current and the circuit volt- 
age for the case shown in Fig. 2a. We assume here that the quantities vary as follows: 


7 nee Lee aero 
Veta =i Cae GV rete Ape tee eC 


We employ Kirchhoff's law for currents at the point A. 


tye la [ged ae (24) 
From (24) and (23) we get 


2 (ch 61— ch §) 


Zo sh Ox Va 


n= 


(25) 


Using (25) we determine the power released in the circuit of the k-th gap: 
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Viig — 2(ch Q1—ech 0) W220 


sides Zo sh 01 


The total power released in m gaps is determined by summing P, over all the gaps 


9 
evma __ 4 


= 
et __4 


Pie 2 (ch 81 — ch §) 


2 
Lo sh 01 Vi 


(26) 


For the case shown in Fig. 2b, usingKirchhoff'slaw for currents at the point Aj we get 
Fane in (lee ad ie (27) 


The expressions for the induced current and for the power released in the line by the in- 
duced current have for this case the form 


2 (ch 0; — ch Q) © 
Psi Oud em’) 
(2 ch 0; — ch 9) 7 ema | 


Zeish Gy (ieee eae) ees (29) 


(28) 


In 


1 


In order to avoid writing two different dispersion equations for cases a and b (Fig. 2), 
we introduce the generalized characteristic impedance Zo°, which for case a has a value 
Zo, and for case b 


Using (22), we write down the boundary conditions for the waves in the line; we have in 
mind here the circuit of Fig. 3. 
The input conditions are 


ToZox +Vo_ = ch 0; + sh Q;. (30) 
VY 
The output conditions are 
V ; 
7a = ch O47 sh &. (31) 
m+1 “m-+1 


Let us dwell now on the concept of the coupling resistance R,. The coupling resistance 
is defined as 


BE? v? 
Roe 
c= opp DP 


where P is the power flowing through the system. 
It is easy to show (for example for equivalent circuits in the form of a chain of pi- 


connected two-ports) that 


Zo sh 01 


a 


We shall use the last expression to compare the cascade analysis with the harmonic analysis. 
3. DISPERSION EQUATION AND BOUNDARY CONDITIONS 


In the preceding sections we gave relations for the power of interaction between the elec- 
trons and the field of the line, and also the power released in the line as a result of the 
induced current. The condition for the compatibility of the resulting solutions can obviously 


be represented in the form 
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(32) 
PFs ee aed gs 


which should be in identity if we insert in the expressions for Pem°*P and Py all the 
values of the parameters characterizing our circuit, namely 9, 91, ?qd; lo, Vo;. 20° sas 


and @. The only unknown is 6. We can therefore regard Eq. (32) as an equation for 
the determination of 6. 


Fig. 3 


The roots of this equation, which make (32) an identity, will obviously be the transfer con- 
stants characterizing our system. Consequently the equation resulting from (32) can be called 
the dispersion equation for the given TWT circuit. 

Using (21) and (26) we obtain the dispersion equation 


(cho — ch@1 — ay, Aoa)tch (—0@ + jpo) — cos ago] = 


1 M25 (1) (2), 9—¢. 33 
= ayy Shs (MY — Meh). (33) 


In the case of infinitesimally narrow gaps (~q— 0), we obtain the following equation 


(ch @ — chQ@:1) [ch ee —@ + jgo) — cos ago] = 


T,Ze “0, — 


, sh 01 1jPo 


eee (34) 


Qo 


Eq. (34) is transformed in the case of a slow-wave system of the coupled resonator type, into 
Eqs. (46) and (47) of [6], where the operation of a TWT with such a slow-wave system is ana- 
lyzed. 


Eq. (33) is a fourth-degree equation with respect to the transfer coefficient K = e9: 
AK* + BK? + CK®+DK+E=0; 


thus, the field in the system is described by a superposition of four partial waves, corre- 
sponding to four transfer coefficients, obtained by solving the equation 


4 


= VY ore 


i 


Using the properties of the roots of the equation, we can determine the character of these 
waves: 


E 
r—8; e—0e Gep— 0) = US 
e—%se—%2¢—%e—% — Fae 
: 4 Nye 
E — rah: + C3 sh 61 [4AQ, a M)ye TR 


A=—-|1+449,C*shoileim, 2 = Ke-itm, 
In the case when ~qg~>0 we have 
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K=1, @:1+62:+0@s + 604 = 2jqo. so) 
If follows from (35) that one of the four waves has a negative propagation constant (back- 
ward wave). It also follows from (35) that if there are growing waves in the system, there 


exist also symmetrically damped waves, since the sum of the growth exponents is equal to 
zero. 


For finite values of ~g we have 
91 +02 +03 +04 = 2jpo +7, 


i.e., the symmetrical wave is disturbed by the diode effect. 


Let us write expressions for v and i, for each wave component with m=1 and g=0. 
We put here -0; =j99 — Ai: 


DEP = Fu, Vii (1 — cos @4) —7 sin Qg A; ' (36) 
4Vo Gy (l —a@) AG + (@ya)? 
Fe 8! Vig Py [(1—cos p4)—7 sin Oy] 1 (37) 
i re aces, 


Expressions (36) and (37) are obtained under the assumption [Aj] K 1 and a «1, i.e., under 
the assumption that the deviation from synchronism is small and that the current densities 
are not too large; when @q is small, the second limitation drops out. 

The boundary conditions (10), written in terms of the wave components, have the form 


4 4 


x! ie iekl 5 0, y Yui Lays. (38) 


i Ai+ (49)? 7 AE + (4%)? 
Supplementing these boundary conditions by conditions (30) and (31), we have 


4 


4 
~ ~ —mo; Hf, 4 
> Vie" == WicZian + Wore >, Vie % sh 6; (1 sare Z = = 0, (39) 


m+ 


We obtained a system of boundary conditiong (38) and (39), which enable us to determine 
the initial amplitudes of the four partial waves. Knowledge of these amplitudes makes it pos- 
sible to calculate the distribution of the current and voltage along the tube and the gain pro- 
duced by the latter. 


4, COMPARISON WITH RESULTS OF HARMONIC ANALYSIS 
AND LIMITS OF APPLICABILITY OF ORDINARY HARMONIC ANALYSIS 


By ordinary harmonic analysis we mean here an analysis in which the field in the line is 
determined from (11), i.e., we consider the interaction between the electrons and the field of 
only one spatial harmonic. This analysis, obviously, is perfectly valid for continuous inter- 
action. Let us consider Eq. (34) for the case of continuous interaction. 


We put 
| 0 A LYE, 
Or = Ire, 
@o aS Bel J 


and assume that @ and 91-0 because /—0. 
Dividing both halves of (34) by 14 and going to the limit as 1-0, we obtain 


2CTTB, ae 
CE 8) 


(AC Be) = 
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Introducing the notation 4QC3 = (Bp/ iT)2, we obtain the Pierce equation [1] for finite C: 


sat 270T TB, 
(—T + 7b.) = Se + 4Q1°c?. 
1 


Thus, for the case of continuous interaction, both analyses yield identical results. 

Let us consider now the case of discrete interaction, i.e., 61, 6, 99 #0. For sim- 
plicity we consider the case of small C, when transition from the equation in e-9 can be 
changed to equations with respect to A =jYg— 6 by using the expansion e-9 =eJV0(1 + A), 
which is valid for small A (or small C, since A is of the same order as C). 

We put 


—0=—jo+tA, —-0= —%+A4+9, —-H= - jqo--%. 
Here % is also of the same order as C. 
From Eq. (33) we get 
Af (—f4e,C* cos? ~ - > cth61) + 
+ A*(Oeth O1 — 1 — j4g,4C? sin go + M2C cos? ) + 
ve 


+ A? (ctho. 2 sin? a 2 + 


oH) 


cth 1 — 6 — 8 sin? 4, c® — 


— j4C* sin po M® — jC*A,,2 sin? ago + MY — mM“) 4 
+ A [40 sin?a o cth @1 -— 4 sin’a 2 — (3M sin? > _ 
— 78C?(2 sin?a BA, + MY M)| ae (9°2 sin? a eth 01 — 


— 292 sin? a & 15 5372 92. ot g ee are) 
202 sin? a = —8C°A,, sin? sin eae + M%— mM! iy == (0; (40) 


a 


Subject to the condition C|cth6,;| «1, we can rewrite (40) as 


mo — Me 4 (41) 


E r) SiN Qoa 
6 Liours 2). =f Pa 1 2 
( ! jb te d) (6 + 4 QC) : g/2 Qoa ZQo 


where 


A : a $ 
6 = —_— = 4 A ee = ae » 
aC QC 30 Im mo daeenite 
are the parameters used in [1]; 


5 sinta €° [M2—- M2 4 
MY — me) ity | oe |? + M2], 


290 Poa ; Goa 


Taking into account the smallness of a, Eq. (41) assumes the form 


(61 + jb + ch) (8; + 4QiCi) + 7 = 0. (42) 
Eq. (42) is the Pierce equation for small C. The quantities Cy, S45 die bj, and Q) 
in £0 


include an allowance for the amplitude factor of the spatial harmonic ee . Thus, within the 
framework of the condition Pol 2 : 


C \cth0,|<1 (43) 


the cascade analysis does not differ from the harmonic analysis. On the other hand, at the 
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limit of the pass band and beyond its limits, these analyses are essentially different. For 
comparison, let us consider a tube operating at frequencies corresponding to the upper cutoff 
frequency or lying above this frequency, for systems with normal dispersion, or at frequen- 
cies respectively equal to the lower cutoff frequency and lying below it, for systems with 
anomalous dispersion. For simplicity we consider the case of zero losses and infinitesi- 
mally narrow gaps. At the frequencies chosen, the phase shift of the field per cell is 
ReO9 =~. Let us assume that the condition of synchronism between the electrons and the 
fields is satisfied, i.e., Y9~m. In this case the synchronism condition is simultaneously 
satisfied for two spatial harmonics of the field — the forward and backward neighboring wave 
numbers. With this, the harmonic analysis leads to the necessity for simultaneous solution 
of two fourth-degree equations (corresponding to the forward and backward harmonics), while 
the coupling resistance is infinite in the case of zero losses. 

The cascade analysis yields for this case the following simple equation, which follows 
from (34) for the case under consideration: 


(6? — A’) (6 — A,)?—g@?] +1 =0, (44) 
where 
a _%—%,, _—/Oi—7, ao 
6= ae” Wakes Ay aaa As a eG ae 


At = 1,23 om sh; sih ao | 
ZVo ] a Go 


The foregoing difference is due to the fact that the mechanism of amplification of the TWT 
is different within the passband and outside it. The amplification is not connected here with 
the power flux of the high frequency field in the system, as takes place in the center of the 
band; in the region under consideration, the system properties approach those of a set of un- 
coupled resonating elements, where energy is transferred only by the electron beam. Thus, 
the mechanism of amplification is more similar to the klystron nature than to the customary 
one for the TWT. On the other hand, the cascade analysis describes equally well both the 
klystron mode and the traveling-wave mode, thereby making it preferable for the description 
of a tube of the filter type, in which both operating modes exist. 


CONCLUSION 


The dispersion equation and the boundary conditions given in this article enable us to cal- 
culate the frequency characteristics of tubes of the filter type in the amplification mode or in 
the generation mode (BWT). It becomes possible here to examine the characteristics of the 
TWT at the limit of the passband of the system, and beyond its limits, and to study in detail 
the features of TWT amplification in these regions. 

We note that the one-dimensional approximation used in the solution of our problem does 
not lead to serious limitations on the theory, since the results can be readily generalized to 
the case of thick beams by introducing a plasma-frequency reduction coefficient 


p= / “ [15], which takes into account the effect of the conducting walls in the 
0 

drift space on the bunching process in the beam. In this case the smaller the lengths of the 
discontinuities in the drift spaces at the points of interaction compared with the plasma wave- 
length the less they influence the correction made. 

The transverse distribution of the field in the interaction spaces, in the case of gridless 
gaps, can be taken into account by using the known averaging coefficients for sufficiently 
narrow gaps, namely 


2M(r; ) 


r RES ) 


for cylindrical gaps and 
she 
CshA 
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for slit gaps. Here r', — radius of the beam; r'g — radius of the drift tube; C — half the 
beam width; A — half the slit width (C and A are in radians). 


~) 
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PROPAGATION OF MICROWAVE OSCILLATIONS IN 
A WAVEGUIDE CONTAINING THE CATHODE PARTS 
OF A GLOW DISCHARGE 


A.M. Starik 


The dependence of the phase shift and attenuation produced by the cathode parts of a glow 
discharge in a rectangular waveguide on the pressure of helium and neon are investigated. 
The effect of transverse dimensions of the waveguide on the course of these dependences is 
also determined. The data obtained are interpreted by starting from the presence of an in- 
verse proportionality between the length of the cathode region and the pressure. 


INTRODUCTION 


Many problems in waveguide techniques necessitate the use of electrically controlled 
modulators, attenuators, switches, and other devices intended to change the amplitude, 
phase, or direction of propagation of centimeter waves in waveguides. These problems can 
be solved by using ferrites or gas-discharge plasma. Devices of this kind, using gas-dis- 
charge plasma which fills a more or less extensive portion of the waveguide, have been 
treated in several papers [1 - 8]. The theory developed in some of these papers pertains to 
the case when the waveguide is uniformly filled with electron gas, and can yield only very 
general recommendations concerning devices in which the 
cathode parts of a glow discharge are used. The published 
experimental results give no idea of the dependence of the 
characteristics of such devices on their construction and 
the substance used in them. 

We give below some data obtained with the aid of models, 
in which a cold cathode of considerable length was situated 
inside a waveguide. 


cathode 


1. EXPERIMENTAL CONDITIONS 


The experimental models were made in the form of 
waveguide segments, to the ends of which were sealed 
resonant glass windows of very low Q. Inside the wave- 
guide, in a plane parallel to its broad wall, was installed Fig. 1. Construction of exper- 
a cathode of one of two constructions (Fig. 1). In the first imental models 
case the cathode was a round wire (0.4 mm in diameter) 
stretched at an angle to the waveguide axis, so as to ensure matching. A cathode of this type - 
was proposed by Pringle for use in a gas-discharge phase shifter [2]. The second cathode 
construction comprised a diamond-shaped plate (0.4 mm). 

During the course of the investigation it proved necessary to carry out experiments with 
devices made of waveguides with nonstandard cross section. Quarter-wave transformers 
were mounted in these devices near the windows. 

The characteristics of the devices described depend appreciably on the quality of their 
outgassing during evacuation. In this connection, the evacuation was carried out for many 
hours at about 400°C, after which a getter was sputtered in the equipment, and conditioning 
was repeated many times with subsequent refilling. After the final pressure was established 
in the device, additional conditioning was carried out. 

The measuring apparatus (Fig. 2) was used to determine the dependence of the phase shift 
and of the attenuation produced by the device on the pressure of neon or helium. The phase 
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Fig. 2. Measuring scheme. 


SR — stabilized rectifier; A — attenuator; KG — 

klystron generator; ML — measuring line; FI — 

ferrite insulator; W — wavemeter; EM — experi- 

mental model; WS — waveguide switch; TT — twin 
tee junction; DH — detector head 


shift was determined from the change in the position of the standing-wave node, observed with 
the aid of a slotted line [5], while the attenuation was measured by the substitution method. 

A check on the reproducibility of the measurement results made with different models at 
different times under identical conditions has shown that the spread in the phase-shift values 
did not exceed 10%. The course of the variation of attenuation with pressure was reproduced 
with sufficient accuracy, but the absolute values of the attenuation were subject to somewhat 
greater error than the phase-shift values. This was found to be due to insufficient outgassing 
of the devices, which affected the attenuation more than the phase shift. 


2. RESULTS OF MEASUREMENTS ON MODELS WITH FLAT CATHODE 


Figs. 3 and 4 show the dependence of the attenuation L and the phase shift 9 on the 
pressure ofneon. The total cathode area, with maximum width 10 mm and length about 80 
mm, was 8.65 cm2. The data given pertain, therefore, to a cathode current density 

j, = 1.4 ma/cm2; the standing-wave coeffi- 
4db cient in these models, made of a waveguide 
4 with 10 x 23 mm cross section, in a range 


3 309 
a’ 


200} 


| 700 


} ! aren 
0 5 02mm Hg a 5 10 1s pm Hg 
Figure 3 Figure 4 
Fig. 3. Dependence of attenuation on the pressure of 
neon (flat cathode), I= 12 ma. 


Fig. 4. Dependence of phase shift on the neon pres- 
sure (flat cathode), I= 12 ma. 


> 10%, did not exceed 1.15 in the absence of a discharge. As can be seen from the curves, 
the dependence of the attenuation and of the phase shift curves exhibit a sharp maximum at one 
and the same pressure, 3 mm Hg. 

Analogous variations of L and @ with the pressure of neon were obtained with models 
made of 4x 23 mm waveguides. To compare the results obtained with waveguides having 
different cross sections, we present Table 1, which indicates the pressure values correspond- 
ing to the maxima of the curves (pmax), and also the values of the phase shift at the maxi- 
mum in both cases. The interelectrode distance h given in the table is determined as the 
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Table 1 
(Flat cathode, I= 12 ma, j, = 1.4 ma/cm2, neon) 


Waveguide Pmaxy/Pmaxy 
dimensions, | Interelectrode Omax,/ 
distance h, | Based| Based | 6°max | hi/h2| Based | Based | /Omaxo 

on L jon @ on L} on @ 


3.0 3.0 290 
7ee as 


distance between the internal surface of the broad wall of the waveguide to the nearest cathode 
surface: h = (b-t)/2 (t is the thickness of the cathode). 

The data of Table 1 show that pmax, determined from the attenuation curve, varies in 
inverse proportion to the interelectrode distance; Pmax, determined from the phase-shift 
curve, has a weaker variation. @max remains constant. 


3. RESULTS OF MEASUREMENTS IN MODELS WITH CYLINDRICAL CATHODE 


a) Neon. Figs. 5, 6, and 7 show the dependence of the phase shift, attenuation, and dis- 
charge voltage drop Ug on the pressure at various discharge currents. Fig. 8 illustrates the 
pressure dependence of the quantity F= 100 L/9, where L is in decibels and 9 is in 
degrees. 


6° 4db 


300 


200 


00 


0 3 0p,mm Hg 
Figure 5 Figure 6 


Fig. 5. Dependence of the phase shift on the neon pressure (cylindri- 
cal cathode): 1-I=2 ma; 2 -I1=3 ma; 3-I=4ma; 4-1=5.5 ma 


Fig. 6. Dependence of attenuation on the neon pressure (cylindrical 
cathode: 1-I =4ma;2-I1=5.5 ma 


According to Figs. 5 and 6, a sharp maximum occurs on the curves of L and 6, asin 
the case of a flat cathode, but shifted somewhat towards lower pressures. The function. E(p) 
differs in having a minimum at 5.5 — 6 mm Hg. 

The results obtained with models made of 4x 23 mm waveguides are compared in Table 2 
with the earlier results. The attenuation maximum shifted here more strongly than in the 
case of a flat cathode; on the other hand the shift in the phase-shift maximum decreased some- 
what, 

b) Helium. Fig. 9 shows the dependence of F on the pressure of helium. The pressure 
variations of L, 9, and Ud are similar in character to the analogous variations obtained 
for neon. 
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Fig. 7. Dependence of the voltage drop across the discharge 
on the neon pressure (cylindrical cathode) ‘ 
Fig. 8. Dependence of parameter F on the neon pressure 
(cylindrical cathode) 


However, whereas in neon the phase shift at the maximum, for a current of 4 milliam- 
peres, is 1.6 times smaller than for helium, the ratio of the maximum attenuations is 


Ee ene, eee = 12—13. The pressure corresponding to the maximum attenuation for 


helium at I= 4 milliamperes is 6.5mm Hg. Measurements have shown that when I > 4 ma, 
a sharp increase in the SWR sets in at the maximum of the attenuation curve. 

The phase-shift curve has a maximum at p =5.5 mm Hg. Unlike in neon, the depend- 
ence of F on p has no minimum, and the values of F are much higher. 

A comparison with the results obtained in models made of 4x 23 mm waveguides is 
shown in Table 3. As in the preceding cases, the position of the attenuation maximum 


Table 2 
eee cathode, I= 4 ma, j, = 1.4 ma/em2, neon) 


Waveguide 


dimensions, | Interelectrode Pmax, mm Fae Pmaxs/ Pmax} ee Ny, 
eal distance h, Based| Based | 6° max eke | Based fear Ve . 
mm on L jon @ on Pai on fear peor 

23 Poet 170 


Table 3 
(Cylindrical cathode, I= 4 ma, jp = 4 ma/cm2, helium) 


Based | Based 1O'max hy/hg Based | Based ic 
on @ on “L |’on) 6 ae 

5.5 270 

20 130 
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Waveguide 
dimensions, 
mm 


Interelectrode 
distance h, 


changes here noticeably, and pmax varies approximately in inverse proportion to the inter- 
electrode distance. The maximum of the phase shift is displaced slightly, and its value is 
reduced by one-half. 


4. DISCUSSION OF RESULTS 


It is known [9] that the distribution of the concentration of electrons n over the length of 
the discharge gap is characterized by a curve with sharp maximum in the region of negative 
glow discharge. According to the data of {10], in hydrogen, 
for example, the concentration at the maximum is 300 times 
greater than in the positive column. In the case when the 
waveguide is filled with the positive column of a glow dis- 
charge, the phase shift and the attenuation coefficient should 
increase monotonically with increasing pressure in the range 
of pressures where 1%] < (Vg) is the frequency of col- 
lision of electrons with the atoms of the gas, and w is the 
circular frequency) [7]. The sharp maxima on the curves 
L(p) and @(p) can therefore be ascribed to the presence of 
the cathode region in the waveguide. Indeed, as the pressure 
increases, Veo] increases, and consequently the concentra- 
tion of electrons necessary to maintain the specified current 
also increases. At the same time, however, the length of 
the cathode region decreases in accordance with the follow- 
ing law [9] (for the plane case) 


pd = B = const. (1) 


This shrinking of the cathode parts is schematically 
illustrated by Fig. 10, where the dashed line delineates the 


boundary of the cathode parts. The smaller the portion of Fig. 9. Dependence of the 
the waveguide cross section occupied by the region with a parameter F on the helium 
high electron concentration, the weaker the interaction with pressure (cylindrical 

the microwave signal. It is obvious that there should exist cathode) 

an optimum position of the maximum of high concentration 1 —I= 3 ma; 2 —I=4 ma; 
relative to the cathode, corresponding to the maximum 3 —I1=5.5 ma. 


interaction with the microwave signal. At high pressures 

the maximum of n approaches the cathode, and the interaction weakens. This circumstance 
can indeed explain the right-hand branch of the curves, L(p) and @(p). The left-hand branch, 
as in the case of the positive column, is due to the increased electron concentration with in- 


creasing pressure. 
=e BAS . ° 
= ee cathode 
Ca) Gare 
eres poe aN 4 cathode 


Fig. 10. Change in extent of the cathode region 


Direction of increasing pressure 


The optimal position of the maximum of high concentration is reached at a pressure for 
which the length of the cathode region d amounts to a definite portion 7 of the interelectrode 
distance, which is a fraction x of the height of the waveguide b, i.e., 


d= nXtbe (2) 
The correctness of the foregoing premise is confirmed by the course of the dependence of 


Uad(p). According to [9], Ud increases sharply when the interelectrode distance is being 
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Table 4 


Cathode 


Current density on 
cathode, ma/cm2 
d, mm 


filled by the cathode parts. It is seen from Fig. 7 that the sharp increase in Ug begins at a 
pressure close to pmax. 

Using the data given in [9], we can estimate the length of the cathode region d in differ- 
ent gases at p= Pmax, aS is done in Table 4. The relationships for argon in the region of 
low pressures were not determined, and consequently the value of pmax was not established 
accurately. 

As can be seen from Table 4, the length ofthe cathode region d is practically the same 
for all three gases. It should be noted that, as in [9], d is the distance from the cathode to 
the boundary of the negative glow, where the concentration of the electrons is maximum. The 
total length of the cathode region exceeds this value. Recognizing that in our case b= 10mm 
and x = 0.48, we obtain 7 ~ 0.2. 

As the height of the waveguide decreases, the optimum filling with the cathode region 
should be observed at a lower extent of it, i.e., at greater pressures. Such a character of 
the dependence of pmax on the loss curves and of the phase shift on the height of the wave- 
guide is axially observed (see Tables 1 — 3). However, whereas the variation of Pyyay in 
the case of losses is, in accordance with (1), approximately inversely proportional to the 
height of the waveguide, Pmax on the phase-shift curve varies to a considerably lesser 
degree. 

An explanation of this difference necessitates more detailed information on the structure 
of the cathode region than is available at the present time. The effect described can be used 
in practice to reduce the attenuation introduced by a gas-discharge phase shifter, or the phase 
shift produced by a gas-discharge attenuator. 

Apparently, to obtain maximum attenuations it is necessary to combine optimal filling of 
the waveguide by the cathode region with the condition 


RS voP =o. (3) 
Substituting (1) in (2) we obtain 
B 
Linge ey 


Since w= 1c/oa, we have from (3) and (4) 


aBy.a 
7 = —cal— 


mcxb 2 


where a — with the waveguide; a= 2/Agy; A — wavelength; Acr — critical wavelength; 
ce — velocity of light; a — collision frequency at p= 1mm Hg. 


CONCLUSION 


We have established that the phase shift and the attenuation, produced by the cathode parts 
of the glow discharge in a rectangular waveguide disclose a sharp maximum as functions of 
the pressure, in the pressure region where vgo] < w. The presence of this maximum can be 
explained by the contraction of the cathode region towards the cathode, as a result of which 
the efficiency of interaction between the microwave oscillations and the plasma is reduced at 
pressures greater than pmax. This explanation is confirmed by the course of the dependence 
of the voltage of the discharge on the pressure and the character of the displacement of the 


attenuation maximum as the distance from the cathode to the anode is changed (long wall of 
the waveguide). 
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The maximum on the phase-shift curve shifts with changing height of the waveguide to a 
lesser extent than the maximum of the attenuation. This circumstance can be used to reduce 
the attenuation introduced by a gas-discharge phase shifter, or to reduce the phase shift pro- 
duced by a gas-discharge attenuator. 

Neon can be used to fill a phase shifter. The optimum values of 6 and L obtained with 
it are close to those given in reference [2] where krypton was used (0 = 180°, L < 0.3 db). 
The presence of the minimum observed in neon on the F(p) curve can be used in some cases 
to increase the working pressure. Helium should be used in gas-discharge attenuators of the 
absorbing type. 

In conclusion I am grateful to E.M. Grekova who carried out the technological part of 
this investigation, and to V.E. Golant for a discussion of the results. 
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HOLLOW ELECTRON BEAM OF CONICAL SHAPE 
IN A ''CONICAL’” MAGNETIC FIELD 


T.F. Loginova 


Calculations and experimental data are given for a "conical" magnetic field, i.e., a field 
whose force lines are directed along the generatrices of coaxial cones with common vertex. 
The feasibility of focusing over a long stretch of a conical hollow electron beam with the aid 
of a conical magnetic field is experimentally demonstrated. 


Ny 


Many domestic and foreign papers have been published on the focusing of extensive elec- 
tron beams of the cylindrical type. In some cases the need arises for electron beams of 
more complicated form. Papers devoted to the creation of such beams are much less fre- 
quently encountered. Thus, for example, we know of only one article [1] in which the question 
of shaping a conical electron beam with the aid of a magnetic field is discussed. It is shown 
theoretically in this paper that with the aid of a magnetic field of special form it is possible 
to compensate for the repulsion action of the space charge in a solid conical electron beam 
with small convergence angle, and to obtain a beam of the Brillouin type. The article con- 
tains no experimental information. 

The present paper is devoted to the question of the focusing of a hollow electron beam, 
converging or diverging along a cone with definite angle of inclination to the axis (Fig. 1). 
Such an electron beam can be maintained over a great length, for example, with the aid of an 
axially symmetrical magnetic field, the force lines of which coincide over the entire length 
with the trajectories of the electrons. When the magnetic field is sufficiently large, the 
electrons deflected for some reason or another from its straight-line paths will twist around 
the force lines of the field in helical paths with small radii. When the magnetic field is in- 
creased without limit, the electrons will tend to move rigorously along the force lines, form- 
ing a so-called magnetically bounded beam [2] of conical shape. 

The problem consequently consists above all in producing a magnetic field of the neces- 
sary configuration. 

As is well known [3], the radial component R(r, z) and the longitudinal component Z(r, z) 
of the intensity vector in an axially symmetrical magnetic field can be expressed in terms of 
pe intensity of the magnetic field on the axis, H(z), and its derivatives in the following 

ashion: 


R (r, 2) = — Ha) + EH") — FHM (2) + 
(=1)" arent) pee ee 
aT eee Ne) os (1) 


Z(r, 2) =H (2) —LH (2) + 


+ HOY (2)... + EP Hem (y (LY 4... 


(n!\2 


In the case of a slowly varying field or for small radii r, we can confine ourselves to the 
first terms of the series; then 


R (r, 2) ~— +H’ (2), 
Z (r, 2) ~ H (2). (2) 


The inclination of the intensity vector at the point (r, z) to the axis is determined by the 
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relation 


ee) rt (2) 
Z (r, 2) mela) ed (3) 


tga 


The condition under which the force lines of the magnetic field coincides at each point 
oon trajectory of the electron will be that the tangents to these lines coincide at each 
point, i.e., 


Tod, (2) dr 
FIM Taal? (4) 


where r(z) is the equation of the electron trajectory. 


Fig. 2. Force lines of conical 
conical form magnetic field 


For a tubular thin-wall conical beam we have 
T(z) WE ect AO 
where 
a=tga; 6=r(z=0). 


In this case we obtain a very simple differential equation for H(z): 


dH (2) dz 
no =e (5) 
Hence 
H (2) = ——,—, 


Fy c 


where c is an integration constant, which depends on the absolute value of the specified mag- 
netic field. 

It is seen from (6) that in a magnetic field the force lines of which are directed along the 
generatrices of a cone defined by the equation r=az+b, the extent of the field along the 
axis should vary hyperbolically 1/(z + b/a)?. 

In such a conical field, all the force lines coincide with the generatrices of coaxial round 
cones with a common vertex at the point z= -b/a. The generatrices of the cone are deter- 
mined by the equation r=k(az+b), where k is a parameter. 

The picture of the conical field is shown in Fig. 2. Physically it can be realized only on 
a limited section along the z axis, since H(z) - 0 when z— -b/a. 

It must be noted that the solution (6) is not approximate but exact for the most general 
case. Indeed, upon substitution of (6) in expression (1), which contains no assumptions con- 
cerning the smallness of the radius or the slow variation of H(z), we obtain for r=azt+hb, 
i.e., on the generatrices of the cone r=aztb, 
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co 


ac (—1)n (2n + 1)! 7 @ \2n 
> 1)\2 ( a) ) i} 
(+ =) = ae as (7) 
e wade Aeen 4407 € 


an : 
LT) (: ‘ ra a (n!)? Co 7 | 


This means that R(r, z)/Z(r, z)=a, the vector H(r, z) is directed along the generatrix 
at any point on the cone, and the limitations imposed previously to simplify the solutions are 
not necessary. : 
To check the possibility of focusing a conical electron beam we have chosen in our ex- 
periments the following parameters: a = 1°12', tana =a = 0.021; b = 0.9 cm; b/a = 438. 
The H-curve calculated for this case by the formula H (z)/Hg = 1850 /(z + 43)2 (we use 
the term H curve for the dependence of the intensity of the magnetic field at the axis of the 
focusing system on the distance along the axis) is shown in Fig. 3 by the solid line 2. 


IGS) = 


Operating Section 


0 20 40 60 80 100 120 140 160 180 200 220 240 260 mm 


Fig. 3. Distribution of field intensity along the axis of a conical 
magnetic field: 
1 — Experimental H-curve; 2 — calculated H-curve; 3 — distri- 
bution of current in sections of the solenoid. 


The form of the magnetic field was chosen experimentally with the aid of a sectionalized 
solenoid, in which each of ten sections was fed separately. The current in each section could 
be regulated independently. 

At a certain chosen distribution of the current in the sections, the H-curve of the solenoid 
was plotted, and after comparing the plotted curve with the theoretical one the distribution of 
the currents in the sections was corrected. The result was a chosen solenoid H-curve, dif- 
fering from the theoretical one by more than 2% over a length of 140 mm (curve 1 on Fig. 3). 

The distribution of the currents in the sections is shown for this case on curve 3 (Fig. 3). 

The focusing of the conical electron beam in a conical magnetic field was checked experi- 
mentally with a model shown schematically in Fig. 4. The electron source was a Pierce-type 
gun with an annular cathode 0.6 mm wide. The end of the cathode and the focusing electrodes 
were tilted to the system axis at an angle of 1°12', 

The conical transit channel had a width Ar = 2 mm anda length 1=100mm. The outer 
shell was solid along the entire length of the channel, and the internal rod was subdivided into 
two insulated parts with individual leads. 

The tests have shown that when all sections of the solenoid are fed the same current (uniforn 
magnetic field) the electron beam did not reach the collector if the symmetry axis of the model 
coincided with the symmetry axis of the magnetic field. When the model was tilted relative 
to the solenoid axis by approximately 1°12', i.e., and one of the generatrices of the conical 
transit channel was aligned with the direction of the magnetic field, the maximum passage of 
the electron beam amounted to approximately 15%. 

In a conical magnetic field having the same average value as a uniform field with the 
model placed on the axis of a solenoid, about 70 — 80% of the total current reached the col- 
lector. The comparative data for the operating conditions Ug = 80v, Uext = UB, = UBg = 
= Ucol = 500 v, are listed in the table (see following page). 
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Section 68 Ae x Cr A F 
48 oe i 55 a P 18, Ae uy K 
WLLL, LLG) soy 
a ee YF 4 i HRA 
U/ 7, 


bl 
Fig. 4. Diagram of experimental model for verification of 
the focusing of a conical electron beam: 


K — cathode; F — focusing electrode; A — anode; Cr — 

cross piece of centering rings; B,, Bg — sections of in- 

ternal rod; H — outer shell; Col — collector; Ar — width 
of transit channel; / — length of transit channel. 


The current settled essentially on the cross pieces of the centering rings (marked Cr) 
in Fig. 4), which were in contact with the outer shell of the transit channel H and which 
occupied approximately 12% of the cross sectional area of the channel. 

Experience has shown that the currents settling on parts By, and Bo of the internal rod 
are proportional to their lengths, this being evidence of the uniform distribution of the settling 
current over the length of the transit channel. 

As the collector current is increased to 100 ma, the percentage current passing through 
the collector remains practically unchanged at a fixed magnetic field (Fig. 5). 

We checked the dependence of the focusing on the absolute value of the magnetic field: 
when the maximum field intensity is reduced from 1200 to 780 gauss, i.e., by 1.5 times, the 
percentage of the current transmitted changes from 80 to 75%, i.e., merely 5%. 


Position of model 
in the solenoid 


along the axis 


Magnetic field 


Uniform at an angle to 
the axis 

Conical at an angle to 
the axis 


along the axis 


Note. Ipy¢ — current settling on the external shell; Ip, and Ip. — currents settling on 
parts Bj and Bg of the internal rod, respectively; Ig; — collector current; =I — summary 
current in the electron beam; x— percentage of current reaching the collector. 


The tests have also shown that a conical beam is not 


The second experiment on focusing a conical electron : 
beam was carried out with a model analogous in construc- y 
tion to that shown in Fig. 4, but with a transit channel of 20 acer i het 
width Ar = 1 mm and length / = 120 mm. ‘s | 

In this model, placedin a conical magnetic field having 


40 


sensitive to a slight change in the shape of the magnetic Teo] Ma es 
field. Thus, a 10% change in the current of one of ten Te scl Stl gee tiem 
sections, relative to the theoretical value, caused no 80 ee ares aa | Bz 
noticeable change in the beam passage. 60; ) lel ar [ 

Loi oat 


1 20 
Ppa lle eee] SReilhs era) 
9 100 200 300 400 500 600 700volts 


intensity drop from 1100 to 1900 gauss over the working Fig. 5. Dependence of passage 
portion, the electron current reaching the collector was up of collector current on the an- 
to 200 ma, with a passage percentage on the order of 65-70. ode voltage in a conical beam; 

Traces of heating on the electrodes demonstrated that Ie9] — collector current; ~— 
essentially the settling of the electron current was not over percentage of current passing 
the length of the transit channel, but on the diaphragm of to collector 


the second anode, which was in contact with the outer 
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electrode of the transit channel. This means that the settling was due not to defects in mag- 
netic focusing, but to poor quality of the electron gun, which produced too wide a beam at the 
output. 

Measurements have shown that, other conditions being fixed, the focusing is practically 
independent of the potential of the transit channel within a wide range of variations (from 500 
to 4,000 v). 

It was also found that shifting the model along the solenoid axis by 30 — 40 mm relative 
to the calculated position changes the transmission by not more than 3 — 4%, 

Thus, the experiments carried out have shown that with the aid of a conical magnetic field 
it is possible to focus a conical hollow electron beam of small thickness over a length more 
than 100 mm. In our investigations we used a beam with small convergence angle and with 
relative low current density, on the order of 0.1 — 0.4 amp/cem2. However, with the aid of 
a conical magnetic field it is possible to effect focusing in solid convergent beams with dif- 
ferent convergence angles. In the case of large convergence, angles, a rapid variation of field 
intensity along the axis is necessary in order to produce the conical magnetic field. This 
variation can be produced only with the aid of magnetic shields and end pieces. 

To focus thick conical beams with large current density, the magnetic fields must have 
greater absolute values. 

In conclusion, I consider it my pleasant duty to thank L. P. Lisovskiy for help in the work 
and for advice. 
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CONTRIBUTION TO THE THEORY 
OF A TRAVELING WAVE QUANTUM 
PARAMAGNETIC AMPLIFIER 


G.S. Misezhnikov, V.B. Shteynshleyger 


The dispersion characteristic of a slow-wave system of the pin-comb type, used in a 
quantum paramagnetic amplifier, is calculated; an approximate expression is given for the 
field in such a system; the coefficient of utilization of the magnetic field, which is contained 
in the expression for the gain of the quantum paramagnetic traveling wave amplifier, is cal- 
culated for the forward and backward waves. 


INTRODUCTION 


The gain G (in decibels) of a quantum paramagnetic traveling-wave amplifier is given by 
the expression [1] 


CS ip ees 


where y''max is the maximum value of the magnetic susceptibility of the paramagnetic sub- 
stance (in amplification y"max < 9); w — circular frequency; / — active length of slow-wave 
system; vg — group velocity of wave in the slow-wave system; F — "'filling coefficient, "' 
which determines the filling of the cross section of the system with the paramagnetic sub- 
stance and the efficiency of interaction of the latter with the magnetic field in the system (the 
quantity F should have been called the "coefficient of utilization of the magnetic field" which 
is closer to the physics of the phenomenon). 

For a theoretical determination of G itis necessary thus to know not only the material 
parameter "max, but also the quantity vg and F. 

The value of Vg can be determined from the dispersion characteristic of the slow-wave 
system* (being the reciprocal of the derivative of the phase constant with respect to the fre- 
quency); it is, therefore, necessary first to calculate the dispersion characteristic of the 
system. 

To calculate F, it is necessary to determine the magnetic field in the slow-wave system. 

In the present paper we give the corresponding solutions for the case of a slow-wave sys- 
tem of the pin-comb type in a waveguide, as used in [1]. Since it is desirable to make the 
comb as thin as possible, so as to increase the coefficient F, we shall consider an idealized 
slow-wave system in the form of an infinitesimally thin pin-comb in a rectangular waveguide 
(see Fig. 1). For such a slow-wave system model, the known methods of calculation with the 
aid of a modified theory of long lines [1] leads to large errors, since the field at the pin is no 
longer screened from the field in the remaining part of the system by the neighboring pins, 
nor are there any accurate methods for taking into account the stray field at the ends of the 
pins. 

We develop below an electrodynamic method for the calculation of a pin-type slow-wave 
system for a traveling-wave quantum paramagnetic amplifier, a method free of these short- 
comings and yielding a solution with any degree of accuracy. We assume here that the space 
above and below the comb is completely filled with a homogeneous dielectric. This enables 


*We speak here of a theoretical (computational) determination of vg. For an exper- 
imental determination of Vg there is no need for finding the dispersion characteristic 


(see, for example [2]). 
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us to regard the system as empty 


y 
(inasmuch as a full homogeneous 
2 filling yields simply a similarity 
I dh change in dimensions) and avoid com- 
! putational complications that arise in 
e a a the case of partial filling with the di- 


electric. The main features of the 
apparatus are not lost sight of in this 
Fig. 1. Slow-wave system of the pin-comb type ina case. The determination of the dis- 


waveguide. Transverse and longitudinal cross sec- persion equation will be based on the 
tions. method of joining the fields at the 


boundaries of the elementary regions, into which the section of the waveguide can be sub- 
divided. 


1. DERIVATION OF DISPERSION EQUATION 


The slow-wave system under consideration is shown in Fig. 1. The wave propagates 
along the z axis. The pins, infinitesimally thin in the y direction, are located in the plane 
y=0. It is assumed that the period of the system L is sufficiently small compared with the 
wavelength in the system A, so that we need retain in the expansion of the field in the spa- 
tial harmonics only the fundamental spatial harmonic, and consider the pin comb as an aniso- 
tropically conducting plane, having ideal conductivity in the x direction (along the pins) and 
non-conducting in the perpendicular direction. 

The boundary conditions in the plane of the comb, corresponding to the assumption of 
anisotropic conductivity, have the form 


Lo Ol (1) 
Tele = Hage so (2) 


The last equation denotes the absence of surface currents in the z direction. 

The boundary conditions (1) and (2) jointly with the boundary conditions on the walls of the 
waveguide enable us to determine the field of the fundamental spatial harmonic and find the 
dispersion characteristic of the system. 

The components of the electric and magnetic fields can be obtained from expressions for 
the electric and magnetic Hertz functions, U and V respectively, with the aid of the follow- 
ing equation [3]: 


Ey = i(8 = Pk), 

Ey=—-j(p 5 - %e)* (3) 
E, = (k? — 8%) U, 

He = —jV 2(p2—4%), (4) 
Pay eae, 

Ve ee 


where € and yw are the dielectric constant and the permeability of the medium; k is the 
phase constant of the wave in free space; B is the phase constant of the wave in the system. 

The factor exp j(wt-£z), which is common to all vectors, will be omitted henceforth. 
The functions U and V satisfy the wave equation 


AU +#U =0, 
V+kV =0. (5) 


Let us separate in the cross section of the slow-wave system two rectangular regions 
(see Fig. 1), in each of which the boundary conditions are separable in the variables x and y: 
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region I — between the comb and the wide wall of the waveguide, region II — between the 
comb and the narrow wall of the waveguide. 

Let us set up a solution for U and V in the form of functions (partial waves) that satisfy 
the wave equation and the boundary condition Etan = 0 on the waveguide walls. The field in 
region I is determined essentially by the TEM wave propagating along the x axis (in this 
wave Ex = Hx= 0), and higher modes exist only at the ends of the pins. In order for this 
wave to satisfy the boundary conditions on the walls of the waveguide (Ey =0 for x=0; 
Ez=0 for x=0 and y=b), the Hertz function of this wave must be written in the follow- 
ing form: 


Urem = Uo sh B (b TES y) sin ka, 
Vrrem= Va ch 8 (6 — y) cos kz, 


and since the Ex, component vanishes everywhere, we have 
Ua = Vo. 


The remaining partial waves are represented in such a way as to satisfy, in addition to 
the aforementioned boundary conditions, also the boundary condition Ex=0 for y=0 (see 
condition (1)) and y=b. 

Thus, (when y > 0) 


U; = Ua sh 8 (b — y) sin kx + > Umi Sh Ym % Sin Any; 


m1 


[oe) 
Vr = Uo ch B (b — y) cos ka + Vimy Ch YmiZ COS mY; (6) 


m1 


where 
Oni = a > Tm = Vp? SN Gas 

The solution contains an unknown phase constant 6 and unknown amplitudes U,, and 
Vmi of the partial waves. As a result of the symmetry of the field relative to the plane of 
the comb, Ez is an even function, and Hz is an odd function of the coordinate y. In this 
connection (see (4)), Hx is an odd function of y. Therefore the boundary condition (2) is 
satisfied if 

Hx |y=o = 0; (2a) 


Substituting the expressions Uy and VI] from (6) into condition (2a) we obtain 


(BY mV m1 = kotmiU mi) sh {mit = 0 (7) 


iMs 


rt 


or, integrating (7) with respect to x from 0 to h, 
> (BY m1V mi ae keQtina Umi) (ch Ymild —~ 1) ==); (8) 


In region II, the electric and magnetic fields can be represented in the form of superpo- 
sitions of TE and TM modes (satisfying the following boundary conditions on the waveguide 
wall: Ex=0 for y=ib; Ey=0 for x=a; Ez=0 for y=tb and x=a) 


U > Um Sb Ying (a— x) COS Amys 


m=1 
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a (9) 
Viz Sy Vino Ch Ym2(@ — £) SiN Gey, 


mat 


where Omg = (2rt — 4) 20. me = Ve + a2: Um2 and Vmg are the unknown am- ~ 


plitudes of the partial waves in region II. 


The equality of the tangential components of the electric and magnetic fields on the bound- 
ary of regions I and II when x= 0 leads to the following system of equations 


Uy sh B (b — y) sin kh + >) Unsh yh sin ony = 


r=1 


= >} Umosh mod COS Omey, 3 (10a) 


m=1 
fee) 


Uo ch B (b — y) cos kh + >) Viich Yh COS Ony = 


r=1 
foe) 


= Da V mo Ch Ym2d SiN Amey, (10b) - 


m=1 


co 
kU shB (b — y) cos kh + Be, Ony¥r1 Ch Yh sin any = 
a 
co 


= — >} Unne'tma th Tmed COS Omsy, (10c) 


m=] 


kU ch B (b — y) sin kh — >» Vri¥71Sh Ynh Cos G4 y = 


r=1 
= >} Vine'meSh mad Sin Omay. (10d) 
m=1 


Multiplying (10a) and (10d) by cosQ@me2y and sindyyy respectively, and integrating 
with respect to y from 0 to b, we obtain 


2 
bic aaa ie 
b co b 
To. sin kh \ sh B (6 — y) cos a, .ydy +- > U 4 8h Yp4h \ SIN GY COS Gn. yay 
x 0 rt 0 
SD Ying ’ (11a) 
a 
Vine eG 
b co b 
kU sin kh \ ch B (b — y) sin o,,.ydy — > Via Yea SO) Ypal \ COS OY SIN %noly 
x 0 r= 0 
Tm2 50 Yo (116) 


Multiplying (10b) and (10c) respectively by cosa, jy and sin@y y, integrating with re- 
spect to y from 0 to b, and integrating Um2 and Vy, from (11a) and (11b) into the 
resultant equations, we obtain 


b 
Uo ( cos kh \ ch 84b — y) cos O,ydy — Ank sin kh) + 


0 
oe) 


+ 2 Vin Bart sh tah + 8nr Gch th) = 0, 


r=1 
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| 
| 
| 


b 


Uer ( k cos kh | sh B (b — y)sin anydy - Casin kh )+ 


co 


12 
+ > the, ( Dr Sie One “= 1 ch inh ) =) (0). e) 


r=1 


where 


b b 
\ ch B (6 —~ y) sin Gm ¥dy \ SIN A ,noY COS a, yay 
) 


co 
A 


; (18) 
m=1 Yme Le Trngt 
b b 
= \ COS @,,Y Sin a, .ydy \ SID Oyo COS a, yay 
2 ; 
Bi Ss 2 z (14) 
e m=1 Tre "A Trot 
b b 
\ sh B (6 — y) cosa, .ydy j COS Apo Sin ,, ,ydy 
2 
gee ap ek d : (15) 
op thTmod 
Tme 
b b 
aS \ sin @,,y COS Amoydy \ COS O,,9¥ Sin a, ydy 
2 
Dur= =>) * - (16) 
b = th Ymnod 
Tmo 
{ 1 when x =7, 


Ser= | when p+ r. 


Forming in accordance with (12) a system of equations, each of which corresponds to a 
certain value of n(n=1, 2,...) and contains an infinite number of terms (r=1, 2,...), 
and adding (8) to them, we obtain an infinite system of linear homogeneous equations, which 
has nontrivial solutions if its determinant vanishes, i.e., 


ee eee (17) 
Pathe Ogun: - diy tena 


| 0 ime one ono I 


where 


Un = COS kh\ch 3 (b — y) 608 duydy —A,k sin kh, 
0 9 
b 
bar = Brus tra sh Ynh + On = ch nh; 
d 
Cn = k cos kh \sh B (b — y) sin Gnydy + Cysin kh; 
0 


OD st Ynh AP Ops a Tri ch Yril; 
fr = Bin (ch ¥n 2 — 1); Br = kan (ch Yr 2 — 1). 


2. RESULTS OF CALCULATION OF THE DISPERSION CHARACTERISTIC 


The dispersion equation (17) derived in Section 1 enables us to find the dependence of 8 on 
k for given geometric dimensions of the system, with any desired degree of accuracy. For 
this purpose we approximate the infinite determinant with determinants containing 3 x 3, 
5x5, etc. terms, depending on the required computational accuracy. 
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We obtained a zero-approximation solution of clearest form, amenable. to physical inter- 
pretation, by confining ourselves to the fundamental TEM wave in the description of the field 
in region I. poke 

For this purpose we put n=0 in the system (12), thereby reducing it to the single equa- 
tion 


b 
Uo (cos kh \\ch B (b — y) dy — Aok sin kh) = 0 (18) 
0 


(This condition corresponds to joining the fundamental field components E, and Hy, on the 


boundary of the regions, where x=h, neglecting higher types of modes in region I). 
From (18), using the expression (13) for Ap, we obtain 


tt BS { f (19) 
ktg kh b thBb en (O° 020) Tone Ulta . 


Corresponding to the boundaries of the passband of the slow-wave system are the values 
B=0 and B=o. Thus, we obtain from (19) 


y St eae 

Tlpaco = eo = bs (20) 
Vv P s 166 a 1 
ae each cae A+ 1h (21) 


mat (2m — 1)8 ee ae ac 


The last equation is approximate and ob- 
tained under the approximation khtankh ~ 


7 = » Which is valid when kh is close to 


mt/2, i.e., when the slow-wave system has a 
small bandwidth (compared with v) In par- 
ticular, we have when d/b > 1 


vet +o5+. (22) 


The dispersion characteristics of the 
slow-wave system, calculated by formula (19) 
for different values of d/b, are shown in Fig. 
2. The same figure shows the experimental 
points obtained in’[1] for two values of d/b 
(d/b =1 and 0.33). It is easy to verify that 
experiment agrees well with the theory. 


ans be : ae fuae When the above-described slow-wave sys- 
i i eo tem is used in paramagnetic traveling-wave 
Fig. 2. Dispersion characteristic of slow- amplifiers, an increase of the slowing down in 
wave system (zeroth approximation for : i é : 
Vaio d/b: 1 — experimental values ob- La era NO Ee ap/ow ** se hectess 
tained in [1] for d/b = 1; 2 — the same for narrowing down the pass band of the slow-wave 
d/b = 0.33. system. For this purpose it is necessary to 


tend to increase the distance d between the 
pins and the narrow wall of the waveguide. As can be seen from Fig. 2, the value d/b = 1 is 
sufficient, and any further increase in d does not reduce the band. In this limiting case 
(d/b > 1) we have from (22) 
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and the subsequent narrowing down of the band is reached by re- 
ducing the distance b from the comb to the broad wall of the af hy 
waveguide. 

Fig. 3 shows a plot characterizing the change in the coeffi- 
cient of the slowing down of the group velocity within the pass- 
band of the slow-wave system, plotted by graphically differenti- 
ating the dispersion characteristic of Fig. 2 for the cased/b>1. 1 


Fig. 3. Coefficient of group-velocity 
slowing down. 4 


It is seen from Fig. 3 that within the limits of the pass-band % % % 4% Wy,» 
(near the low-frequency edge of the band) we can choose a con- 
siderable portion with slowing-varying group velocity, whereas the phase velocity (see Fig. 2) 
changes by a factor of several times within the limits of the same portion. 


3. COEFFICIENT OF UTILIZATION OF MAGNETIC FIELD 
The coefficient of utilization F of the magnetic field, entering into the formula for the 


coefficient of amplification (see the introduction), can be expressed by the following formula, 
which follows from [4]: 


5 Cs wis! ds 
= oes ss > 
(Soa na) 3 (@ P*) 4s (23) 
where (24) 


B yg =SPIEID ‘ 
is (in the Dirac notation) the matrix element of the vector spin operator sg (with components 
S. Sy, S,) for the quantum transition, at the signal frequency, between energy levels p and 


q in the paramagnetic crystal. hana: a 

The matrix elements of the operators Sx, Sy, and Sz for transitions in ruby crystal, 
used in a traveling-wave paramagnetic amplifier [1], are listed, for example, in the table of 
the review [5]; these data are based on the assumption that the z axis coincides with the trig- 
onal (optical) axis of the crystal, and the constant magnetic field is in the plane xoz. In this 
case the matrix elements can be written in the form mx, jmy, mz (the table lists the quan- 
tities a = 2mx, 8 = 2my, and y= 2mz), where mx, my, and mz are real numbers. 

We shall approximate the variable high-frequency field H in the slow-wave system by a 
TEM wave described in terms of the first members of the expressions for Uy and Vj in 
formula (6).* If we write down the field components H from (6) and (4), we interchange the 
axes y and z, so as to retain the aforementioned conditions and form of writing down the 
matrix element; under such a change, the axes z' and x will lie in the plane of the trans- 
verse cross section of the waveguide, in which the constant magnetic field is also located 

see [1]). 
yee this remark into account, we obtain from (6) and (4) the component along the pin 


ee —n0: (25a) 
The longitudinal component (along the waveguide axis) 
Hy = A ch B (6 — z’); (25b) 


the transverse component (perpendicular to the comb) 


*We neglect the field perturbations due to the presence of paramagnetic ions. 
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Hy = 7 jAsh B(b — 2’). (254) 
Here A is a common factor, the primes denote the new axis, and the plus-and-minus signs 
correspond to waves propagating in opposite directions (along the new y' axis). A change in 
sign leads to different values of F for these waves. 

Formulas (25) were written for z'>0. find the field for z'< 0, we can use the same 
formulas, bearing in mind here that Hy', is an odd function and Hz! is an even function of 
Zs 

Using the notation for the matrix elements, we obtain from (23) 


§ lim Hy, +m,Hy |? do 
#2 2 (26) 
(m2 + m3 + mi) | (| Hy |* +] #,|*) as 


Substituting (25) in (26) and integrating with respect to z' from zero to b (we assume the 
filling complete along the x-axis, and neglect the portion x > h), we obtain , 


2 9 ov is ‘ 
. oe ee ae i 0). (27) 


2 m& +m +m m2 mi +m? Sh*Bb m2 + mi + mi 
Here, as in (25), the two signs correspond to the propagation of the waves in opposite direc- 


tions along the system. It is clear from (26) that to increase F 
(in the amplifying direction) it is desirable to use transitions such 


that me <«K my? Fe m,7; for this case, neglecting the term mx2, 
we get 


oe! {— 7? 28 n 
P= (1 — pages) rea th BD, (27a) 


where 7 = my/mz is the "coefficient of ellipticity of polarization 


of the quantum transition.‘' The effect of directivity of the ampli- 
fication is characterized by the ratio R= F+/F_, which we shall 
call the ''coefficient of non-reciprocity of amplification" . 

Within the limits of the passband of the slow-wave system, 
the quantity Bb varies from small values on the low-frequency 
edge of the band to a value Bb > 1 on the high-frequency edge of 
the band. Accordingly, for a given value of 7, we can determine 
from (27a) the variation of F within the band for both propagation 
directions. 

Fig. 4 shows the characteristics of F+ in the amplification 
Fig. 4. Coefficient of direction and of the coefficient R= F,/F- within the-pass band of 


field utilization and the slow-wave system, for two values of the ellipticity coefficient 
coefficient of non- n(n = 1 and n = 0.5). 
reciprocity. It follows from Figs. 2, 3, and 4 that in spite of the appreci- 


able change in 8, and consequently also in the phase velocity 
within the portion of the band in which the group velocity changes little, the coefficient F 
changes insignificantly within this portion, i.e., it depends little on the phase velocity. 
Consequently, the gain of an amplifier with the above-considered slow-wave system is 
also independent of the phase velocity, and is determined by the group-velocity slowing-down 
factor. 


CONCLUSION 


The relations obtained above enable us to calculate the main characteristics of a para- 
magnetic traveling-wave amplifier with a pin-type slow-wave system. 

In some cases it may be necessary to take additional account of such factors as the in- 
complete filling of the volume with the dielectric, the finite thickness of the comb, and the 
presence of spatial field harmonics. 


1384 


REFERENCES 


1. R.W.DeGrasse, E.O. Schulz-DuBois, H.E.D. Scovil. Bell System Techn., J., 1959, 38, 


305. 
2. V.B. Shteinshleiger, G.S. Misezhnikov. Instruments and Experimental Techniques, 
USSR Gy igs 


3. L.A. Vainshtein. Electromagnetic waves, Soviet Radio Press, 1957. 

4, E.O. Schulz-DuBois, H.E.D. Scovil, R.W. DeGrasse. Bell System Techn. J., 1959, 
ish) BBs 

5. J. Weber. Rev. Mod. Phys., 1959, 31, 3, 681. 


Received by editors 22 February 1961 


INVESTIGATION OF A TRANSISTORIZED 
LOW-FREQUENCY SELF-OSCILLATOR 


A.S. Maydankovskiy 


We consider a self-oscillator using an alloyed transistor. The calculations are based on 
characteristics deduced from the electronics of the transistor. In one case expressions are 
derived for the frequency of the self-oscillations and for the optimal load. The effect of the 
base resistance is investigated. The results of the experiment confirm the deduction of the 
theory. 


INTRODUCTION 


An investigation of transistorized self-oscillators is of practical interest in view of the 
extensive use of transistors in modern radio engineering. 

Several papers devoted to the nonlinear theory of semiconductor self-oscillators have 
already been published [1, 2, 3]. However, in all the papers the calculation is based on an 
approximation of the experimentally plotted transistor characteristics. 

In the present paper we give an analysis of low-frequency self-oscillators using junction 
diode characteristics obtained from the electronics of the latter. The solution of the prob- 
lem was obtained by the method of N.N. Bogolyubov [4], the second approximation being con- 
sidered for the frequency. 

We have investigated a self-oscillator with inductive feedback using an alloyed transistor 
with grounded based. 


1. DERIVATION OF INITIAL EQUATIONS 


The circuit diagram of the self-oscillator is shown in Fig. 1. For the sake of physi- 
cal clarity, the capacitance of the collector junction Ce and the base resistance rp = r'b + 
+r't are shown in the external circuits [5, 6]; g1 is the loss conductivity in the resonant 
circuit; the meaning of the remaining symbols used in the present paper is clear from Fig. 1. 

The equation for the voltage across the circuit capacitor Cj can be written in the form 


l 


PY . dig d 
hav +hg0 + U0 —-lh iat M 7 


ding 
Sig 0. (1) 
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The capacitive current of the collector junction ice is given by [7, 8, 9] 


oy Ae 
ice= Ceo ( on ) Voc: (2) 


c 


Here Cag is the capacitance of the collector junction in the absence of an alternating voltage 
on the collector; E'e=Eg+ Vp, where Vp is the diffusion potential of the junction. 

We shall henceforth consider only frequency regions where the inequality r'pCcw «1 is 
satisfied. With this, the voltage on the capacitor Ce and on the collector junction can be 
written in the form 


Vie= Voie Ue ee (3) 


In the case of low frequencies, when transit phenomena in the base do not play any role, 
the dependence of the emitter and collector currents on the voltages at the transistor junc- 
tions can be obtained at large signal levels, with account taken of the base-width modulation 
effect, by solving the diffusion equation for the transistor [5, 6, 9, 10]. These have the 
following form 


ie = iy {(e8¥e — 1) — ay (ee —1)} (1-2), 
ic= i, {a, (e*¥e — 1) — (e*%e — 1)} U “) 


U 
0, = — deg |/ doe c 


Here ig is the saturation current of the collector; ag — the current gain of the grounded- 
base transistor; wg and deg — width of base and width of the collector junction in the ab- 
sence of an ac voltage; w 1 — ac component of the base 
width, due to the modulation of the collector junction; 
a=q/kT; q — charge of electron; k — Boltzmann's 
constant; T — absolute temperature. 

The emitter-junction voltage is related with the 
resonant-circuit voltage by the equation 


(4) 


dig 


Ve = kU — iggry + Voi — Le (1 — K*) =? — ry (ig — ic), (5) 


where K? = M2/L,Lo9; kj = M/Ly, and the bias voltage 
is determined from the relation 


fees 
Ti 


Fig. 1. Principal diagram of 
self-oscillator. 


, Ran 

Ae -b Vpi = Ee) Spies Thi les Thi = RC. (6) 
1 

For the sake of convenience, we divide the current ige into two components — the cur- 


rent igg1, due to the AC component of the capacitance Ce, = Ce - Ceo, and the current Ieco, 
due to the capacitance CcQ. Then, introducing the notation 


1 
Ty Co’ 


6) Cite Cos, 03 = do = woligi, t = wot (7) 


and unifying Eqs. (1) and (7), we obtain a system of nonlinear equations for the behavior of 
the self-oscillator: 


p 4 53 r 
Ut U=—adU + wola —& — woll = woLi tal ’ 

tg = ty (C8 1) age a 

= itonle”e—1) (71h (42), (9 
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5 f U —/2 - 
ices = 00Ceo| (1 — 5°) alee 


Cc 


: di Se ae. 
Ve = kU — igor yt Voi — Le (1 — K?) oie —rp(ie— ic), 
" 4 a) Publge R 
Voi + OotH (Vbi — Be) = “Oot hi; le 


loc = prec e = =) 
Eo! 


DR ~~ deo( 4 ral 


Cc 


It is impossible to reduce the system (8) to an equation with one unknown, U. We shall 


henceforth investigate particular cases, which can be analyzed by the methods of the theory 
of oscillations. 


2. ANALYSIS OF SELF-OSCILLATOR IN THE CASE WHEN THE VOLTAGE 
INDUCED AT THE INPUT IS TOTALLY APPLIED TO THE EMITTER JUNCTION 


Let the emf developed by the current ie across inductance Lg be much smaller than 
the junction voltage; the bias voltage is produced by a source having an infinitely small in- 
ternal resistance, and the blocking capacitance C is sufficiently large. Neglecting at this 
stage the voltage U"'y,, the emitter-junction voltage can be written in the form 


Ve = Ee + kU. (9) 


Let us consider first the case when Co > Ceci, when it is possible to estimate most simply 
the influence of the base-width modulation, which determines the nonlinearity in the collector- 
junction resistance in the active region of the characteristics. 

The self-oscillator equation will be written, according to (8) and (9), in the form: 


G4U=—dU +% {Heo (hely VA 8) (ene — ea" 8) a, Ue 


— bye tee (ood (uv VIB) — (eo — #0) EN, a) 
where we use the notation 6 


Ex = @o (aol1 — M) ale; & = wo (Li — ao?) alelo; leo= ine He; 
d v 

v= pa=t—v B= Bea Ee thi b= 

c 


wo 


2aL rs 


We note that in Eq. (10) the terms containing v and ¢ take into account the effect of the 
base-width modulation. 
To solve the problem we use the method of N.N. Bogolyubov. Putting 
U = A cos (wf + g) = A cosé. (11) 


we obtain the following symbolic equations for the amplitude and phase 


CAN 
Tay = 4 ’ (12) 
BA A Chex (ys Im te (1) + v bn ta (7) — 6 Ln ta (7) — 


— ee In ts (Bo) ]} ee on In te (2A) + v In ts (2A) — 
— ¢ [In £, (aA) —e*”" In ts (Bo))}, (13) 


where 
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A Be (Bo) +... : 


In t (1) = 2 By (Bo) + 2H By (Be) +. -5 Im te (Bs) =A tay B+ 
Bs (Bo) =1—ay B3—...: Be (Bo) = al pg Bh oa Jones i 


In te (7) = "2; Im ta (7) = “2 Br (Bo) + 


é 3 92 : Lae a 0 in eee d 
B, (Bo) = 1 +2 B§ =... -s Be (Bo) = ol el baal ile Var a 
vy = aki A; Bo = AlEc. 


Here I1(yv), Ig(y) ete. are modified Bessel functions of the first kind. The limiting values 
of the functions Bi, Bo, ...3 By, B's; se «2 te or fo 2 are: 


Bi = 0.96; Bo = —0.55; Bs = —O0.44;°...; ¢ (15) 
B, = 1.2; By, = 0.62; By = 0.46;....; Int = 1.2. 


The minimum value of k, is determined by the self-excitation condition 
er —do Ar tidk beer) — Est ide ees Siem 
At room temperature, the parameters contained here have the following values [5, 6]: 


a= 40v3; v~ (1 — 2)-10°3; Ey ~ 0.05—0.3y; 


e€ (16) 
Ko = 5 —10v; 6 =~ 2.5-10°) o Pex 10-1! — 10°; e*"C310% 10 
Taking (16) into account the self-excitation condition can be represented in the form 
eax —de + &: (tx — 0) > 0 (17) 
or 
ky > Aes feo = oe + So = deo. (18) 


Here geo and geo are the differential admittance of the emitter and collector at the working 
point. 

Taking (15), (16), and (18) into account, we note that at small amplitudes the terms in the 
second curly bracket of (13) are negligibly small compared with the terms in the first, and at 
amplitudes comparable with Ee, one must take only the first term into account. 

Examining the expression in the first curly bracket, we note that if geo is greater than 
or comparable with gi, and if ki is close to ¢ then the effect of the base-width modula- 
tion can lead to a limitation on the amplitude of the self-oscillations. Such a state can occur 
in the case of very weak regeneration. 

In practice we usually do not use weak degrees of regeneration, for in this case the am- 
plitude stability is low and the power delivered to the load is small. Therefore kj > ¢ 
(ky > 10-3) practically every time and we need leave in the curly bracket only the first term. 
This indicates that at sufficiently large couplings at low frequencies, the base-width modula- 
tion hardly influences the steady-state amplitude. We shall henceforth make use of this cir- 
cumstance. 

Thus, putting a9 ~ 1 and ¢ «kj «<1, we obtain 


dA A 27 Eyer 21, (aA 
ee {— d, aig (€ sr do) [ en c aoe is ) i pee F(A). (19) 


In our case the amplitude limitation due to the input nonlinearity is impossible, since the 
condition for stability of the oscillations is found to be violated at any amplitude (2I9 (vy) / 
/ y>0). Consequently, the limitation sets in as the result of cutoff of the collector voltage 
(the last term of the first half of (19) comes into play), and the form of the signal across the 
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resonant circuit becomes different from harmonic (Fig. 2a), and the amplitude of the stable 
self-oscillations cannot be less than Ege. This indicates a mode of hard excitation. 

The amplitude variation up to the occurrence of 
_ cutoff is in accordance with the law 


et 


A= Ae’, (20) 


where Ao is the initial amplitude. As can be seen 
drom Fig. 2a, the agreement between the experimental 
and calculated curves is fully satisfactory. 


Fig. 2. a—Establishment of amplitude of 
self-oscillations (the calculation time of estab- 
lishment is 38 cycles, while the experimental 
time is 36 cycles); b — establishment of fre- 
quency of self-oscillations (feedback-coil 
reactance much less than the emitter resist- 
ance (wLg ~ 1.8 ohms; Reg ~ 20 ohms. 


Experiment shows that in our case the amplitude of 
the steady-state oscillations cannot be considerably 
greater than Ege. Itis, therefore, natural to expect 
that magnitude of the optimal load at which maximum 
power transfer takes place is close to the breakdown 
load, as is indeed confirmed by the experimentally 
plotted dependence of the power on the load (Fig. 3). Assuming that the smallest amplitude 
of the stable oscillations is Ege, we can obtain the breakdown load gpy. Recognizing that 


bce Ij (AEce) K Ij (akj Ege), we obtain from (19) 


hap 
Sor an hh (aki Kee) == fie (21) 


T Mee 
Fig. 4 shows the experimental and calculated variations of the breakdown resistance 


(Rpr = 1/gpr) on the degree of coupling kj. , 
Eee 
<—— + 
in 
eat 
i ae 


The first-approximation solution yields a phase which is con- 
Gamay 8 12 TG 70 A 08 


stant during the buildup time of the self-oscillations (see (12). 24 
However, an experimental investigation of the buildup of the fre- 20 
quency by an interference method indicates that the frequency is 

considerably reduced at the instant of appearance of cutoff 16 
(Fig. 2b).* This is attributed to the sharp increase in the contri- , 
butions made by the harmonics to the signal spectrum. ; 

The second approximation found by the method of N.N. Bogol- 

yubov yields the following law for the establishment of the phase: ¢ 


*The amplitude of the signal at the output of a phased inter- fkilohm 
ferometer connected after an amplitude limiter, at small fre= 
quency changes, has a value Fig. 3. Dependence of 
power delivered to load 
e = Ado (t) Tg cos@ (4) £, on the load resistance. 


where Aw is the increment in frequency during the establishment of the oscillations; A — 
amplitude of the signal at the output of the limiter; tq — delay time of the signal in the second 
channel of the interferometer. Consequently, a constant frequency (Aw = 0 or const) in Fig. 
2b corresponds to a signal of constant amplitude. 
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ee (22) 


d) F(A)dF(A) (de do\2\) cata A 
a {! 2A aA Gray. ) Dy faa) ere#ee — In (aly A)] } af 


n=2 


The third term (sum) in the right half of (22) determines the drop in oscillation frequency as 
a result of a reduction in the contribution of the harmonics, while the second term determine: 
in practice the change in frequency with in- 
: creasing amplitude prior to appearance of 
te is the cutoff. At the instant of cutoff F'(A) 


Fig. 4. Dependence of load and breakdown 


of oscillations on the degree of coupling 


(1 — experimental point; 2 — calculated | 
points) . (wLg ~ 0.51 ohms; Reg ~ 25 ohms; 
Ly = 23 millihenry, fo = 31.5 kes; transistor! 
P16A; Fer = 1840 kes; rh = 40 ohms; ag= ‘ 

= 0:985 Hipa Oke! 


( 
f 


determines the stability of the amplitude), 
which should cause an increase in frequency, 
but a sharp increase in the weight of the | 
harmonics nevertheless leads to a reduction 
in frequency. | 

In the steady-state mode E(Agt)=0. Therefore, the frequency of the steady-state self- 
oscillations is 


s+d a = 
et {4 (te) Dun (a Ast) e-@2ce — In (ak Ast) }*t . (23) 


n 


The variation of frequency with degree of coupling, including the experimental points, is 
shown in Fig. 4 for optimum load. 


EFFECT OF THE BASE RESISTANCE r''hp AND THE CURRENT ice 


Let us evaluate the effect of the voltage developing across the base resistance r"'p by the 
current ieg. The voltage on the emitter junction will be written in the form 


Ve= Ee —hU — r4ComoU =E + a. (24) 


In addition, we retain in the first equation of the system (8) the term that takes into account 
the current in the capacitance Cg}. 

Let us consider the case ave < 1. We expand the function exp(aVe) contained in the 
expression for the currents ip and ic in powers of ave and confine ourselves to the first four 
terms. The resultant error is not more than 2%. 

The solution of the problem by the method of N.N. Bogolyubov yields in the first approxi: 


mation the following equations for the establishment of the amplitude and the phase 
T= yd + (© + do) [G (G0) — emmee2n(e4)) 


dt 2 } 


(25) 


exe : 
where 


G=1-+ 7232 UL + typos (bo); 
K = Ws (Bo) + 704s (Ba) + 7388[e (Be) + J tg? pots (Bo) | 
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1 5 3 3 
— Shae (98: / 7 = c 5 o , , 
Dyed = Bo ay Bee Og a BE TBA ee 


325 


‘eile BoP ‘ 1 Sele elias 
Ds = | E Tae ty to one al @,=—4 ! sitey- alts + sbi ...| : 


ntl id pee 63) 4, Sag ey 
a Maa (1 + eB + T3485 A alk Sree 
j ‘ C a r6) (26) 
yo = ahile: y = rime te po a ee ; 
0 ‘ hy 
The limiting values of the functions $1, $2, ... when B9=1 are 4] =8; @9 = 1.2; 


(3 = 0.24; 4 = 0.24; 65 = 1.44; 6= 0.2. The function 1/26(89) determines the change in 


frequency, due to the nonlinear capacitance Cg. 

It follows from the relations obtained, first, that the self-excitation condition remains 
the same as before. Second, the presence of r"'p leads to an increase in the rate of buildup 
of the amplitude during the process of establishment of the oscillations. Third, the voltage 
developed by the current ieg across r''h causes a reduction in the frequency of the self- 
oscillations with increasing amplitude. Fourth, the nonlinear capacitance Cc, also causes 
a reduction in the frequency during the process of establishment of the oscillations (when 
C; =0 the reduction in the frequency is 20%). 

All this is clear from physical considerations. At the initial instant the voltage across 
r''h is much less than the voltage across the junction, and the self-excitation condition re- 
mains the same as before. With increasing oscillation amplitude, a feedback voltage is 
developed across r"'p that leads the resonant-circuit voltage by 7/2. Thus, two voltages are 
effective in the input circuit of the transistor, shifted by 7/2. The resultant junction emf, 
equal to the difference between kjU and Uy'y,, is found to be shifted by an angle yw relative 


to the resonant-circuit voltage. The collector current coincides in phase with the emf on the 
emitter junction and thus lags the voltage U. The latter circumstance reduces the frequency 
of the self-oscillations. Finally, an increase in the amplitude causes an increase in the first 
harmonic of the current through Cgj, which also leads to a decrease in the oscillation fre- 
quency. 

We note that usually the product r'pCceo is a small quantity (less than 5 x 10-9 sec) and 
consequently at low frequencies, where tan ‘pq is close to zero, we can neglect the influence 
of r''p on the operation of the self-oscillator. 


CONCLUSION 


A nonlinear analysis of the self-oscillations at low frequency produced with a junction 
transistor, leads to the following conclusions: 

1. If the reactance of the feedback coils is less than the input resistance of the transistor, 
and if the coupling kj is limitingly small, the limitation of oscillations can be due to the base- 
modulation phenomenon. At values of kj used in practice, the limitation of amplitude is due 
to cutoff of the collector voltage, and the base modulation plays no role. 

2. The presence of a base resistance leads to acceleration of the self-oscillation process 
and to a reduction in frequency with increasing amplitude. 

The results of the theoretical investigations were confirmed by experiment. 

The expressions obtained in this paper for the frequency, optimum load of the generator, 
and self-excitation conditions can be used in practice for design purposes. 
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INVESTIGATION OF NON-GAUSSIAN TRAJECTORIES 
IN THE FIELD OF 
AN ELECTROSTATIC QUADRUPOLE LENS* 


A.M. Strashkevich 


Equations are derived for the trajectories of a broad beam in the field of a quadrupole 
lens. It is shown that the analogous equations derived by Bernard and Hue are incorrect. 
Calculations are made for a specific system made up of four small spherical electrodes. It 
is shown that in a whole series of systems (both transgradient and congradient) the minimum 
deviation is experienced by trajectories which are symmetrical relative to the plane of sym- 
metry of the field. This effect is negligibly small for the Gaussian region of the lens, but is 
considerable for the non-Gaussian one. 


In an investigation of trajectories of charged particles beyond the limits of the Gaussian 
region in the fields of quadrupole electrostatic lenses, the main premises should be the equa- 
tions of the trajectories of a broad beam with a straight-line axis in a field having two sym- 
metry planes and two antisymmetry planes. In the nonrelativistic approximation, such 
equations were derived by Bernard and Hue [1]. However, as will be shown below, the 
equations they derived are incorrect. 

To take into account the third-order terms in the trajector equations it is necessary to 
include in the expression for the potential in the field of a three-dimensional electrostatic 


quadrupole lens terms up to fourth order inclusive. Using the notation introduced in [2], we 
obtain 


=O, + C2°— Cy —A Crt +1 cry, (1) 


*Reported at the Third All-Union Conference on Electron Microscopy, Leningrad, 
October, 1960. 
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where the prime denotes derivatives with respect to z. We take the axial trajectory of the 
beam to be a line coinciding with the z-axis. Then in the equations of the trajectories of a 
broad beam, obtained by the Greenberg method and given in [2] by Eqs. (16.15) and (16. 26) 
we shall have (if we change the designations of the coordinate axes in accordance with the 
ogee formulated for our problem) A= 2C",, w= -2Cz, v=€=c=% =w=N=1/p= 
tl Ny gece OD 

The equations assume in the nonrelativistic approximation the form 


eis pt G 24 Co ay/2 C; 3 
DG, SEL zy p52 + 
Ce 2 Li Cienayy WO epoliye nhs (2) 
+o, YY ee ct + Cat'y 7 Ot 5 
” C, 1 12 12, Cc? 3 
Pag, Gy NCE eee Thay 
Cc? 2 1 heat ears 1 Bic Mey) 1 (has 
— 9, UY — ay Cy + ay Cray —= Cry é (3) 


One of these equations can be transformed into the other, if the sign of the function C, is 
reversed and x and y interchanged(together with their derivatives). If we neglect in these 
equations the third-order terms, we obtain the paraxial equations, which are known in the 
literature. As is customary in the electron-optical theory of aberrations, we assume the 
solutions of the paraxial equations to be substituted in the right halves of (2) and (3) in lieu of 
x and y. Therefore, the second-order derivatives x'' and y" in the right halves of the 

C C 
equations are replaced (respectively) by the expressions a xis 5 y. Comparing (2) and 
(3) with analogous equations (4) of reference [1], we find that in (4) there are excessive terms 
containing x'yy' and xx'y'. In the derivation described above, these terms drop out. The very 
same Eqs. (2) and (3) are obtained also directly from the ordinary formulas for the trajectory 
of a charged particle (see, for example, (4) in [3]: 
” ' 19) (OD , oO 
Da" = (1+ 2" + y'2) (5 — 2’ 2) 
ow 4 a) 
oy 7 Az 


(4) 
(5) 


20y" = (14274 y) ( 


In the approximation considered, which is necesSary for the calculation of the third-order 
aberrations, the potential 4, in the left halves of the equations, must be replaced by the ex- 
pression 49 + Czx2 - C,y2; from the same expression we obtain 20/8z for the right halves 
of (4) and (5). On the other hand, the terms containing, in accordance with Eq. (1), the 
fourth powers of x and y are taken into account in the calculations of 86/dx and 84/ay. 
The excess terms contained in the formulas of Bernard and Hue do not appear at all in the 
present derivation. 

Nor are there any terms containing x'yy' and xx'y' in the more general equations for 
broad beams with straight-line axis in an arbitrary doubly symmetrical field. The deriva- 
tion of the equations is quite analogous to the derivation of(2) and (3); these equations should, 
in particular, be used to calculate non-Gaussian trajectories for the quadrupole lenses 
having no antisymmetries. We have 


eee ne AE I NCE ais ie o 
x” + 20, , , | | O, “ae aw.) | ae 
V-+W)O, ’ we (i as 
ae : ee re Vaer w)] xx [ ob, cre ae 2m) | ay 
| V—W)o, ; 
of: ; [ (VV : ) Zz (V’ Ww") x'y? a V ef. W) ry”? = (VV ab W) 72x 2 


0,2’ : @,2'y| (6) 


(The notation follows Section II of [2]). The second equation of the trajectory is obtained if we 
replace all the x's in (6) by y's and vice versa, and at the same time we reverse the signs 
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of the functions W and of their derivatives. In the case of axial field symmetry W = 0, 
Wi= = 6,1V =- = v'', For the antisymmetrical quadrupole lens we have z= %g= const, 
V=V'=V"=Wy,=0, W=Cz, which converts the equations into form (2) and (3). 


For a quadrupole lens formed by four small spheres (Fig. 1) the function Cz has the 
following form [4]: 


a 
2 = 2Uba? (a2? +2?) 2. (7) 


In this case the equations of the trajectory are best integrated by the method of power series. 
Let us consider a non-Gaussian trajectory in the field of our given system, the trajectory 
lying in the plane xz. We take as a unit scale the distance a. In the Gaussian approxima- 
tion the equation for the trajectory will be \ 


etki-e e+e +...\2=0, (8) 


where k= -3 on ; in the calculations we assumed k = 0.006 and considered the interval 
-0.5<z<0.5. The function (1+ z2) -5/2 was expanded in a Maclaurin series so as to be 
able to investigate conveniently the dependence of the change of the deflection of the beam on 


the quantity xo = (dx/dz) z= 0. The point is that for many seemingly utterly unlike electron- 


optical systems (see below) one can prove one quite general statement: the angle of deflection 
is minimum in the case when the trajectory is symmetrical with respect to the symmetry 
plane of the field of the system. This rule is a generalization of the property of a refracting 
prism, known from optics. It is interesting to verify whether this takes place also for our 
case. The solution of (8) will be 


x = ao (1 — 0.003000z2 + 0.001250z4 — 0.000876 z* +...) + 
+ 2, (2 — 0.001000z? + 0.0007502° — 0,00062527 + ...). (9) 


We substitute (9) in the right half of (2) (we assume y to be equal to zero). Then (2) can be 
solved by varying the arbitrary constants. The integrals obtained in this manner are calcu- 
lated in final form. 


4 =(#) 


dz ( . 


dz), , = 0-005078x% + 0.03602 23 + 0.1190 ox¢. (10) 


—0.6 


From this expression (and from an analogous expression for a trajectory lying in the yz 
plane) it follows that a change in the sign of x'g (or y'g) does not influence the angle of devia- 
tion which has, for fixed xg (or yg), the smallest value when x'g = 0 (or y'9 = 0). Fig. 2 
shows curves for the dependence of A on xg atvalues x'g, calculated by formula (10). 
Thus, this system has the property formulated above in the non-Gaussian region. 

The same property is observed also for a deflecting homogeneous field; indeed, in the 
symbols explaining Fig. 3, we can write an equation for the trajectory that crosses the x- 
axis at the point xg, in the form 


ry, €D 
(a = xy) iE 
£0, 


E— My = 12+ ce (11) 
where 9 is the point where the trajectory crosses the plane z=0. Therefore 


dD 


") Q+22) Lb — 
(Ae ee = (12) 


We see from (12) that the angle between the initial and final directions of the beam is in- 
dependent of the sign of x'9 and has a minimum when x'9=0, i.e., when the trajectory is 
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0 i] 022, 


Fig. 1 Fig. 2 


symmetrical with respect to the plane z=0. It is easy to show that this property is pos- 
sessed by a homogeneous field also at relativistic particle velocities. 

Both the quadrupole lens and a flat capacitor are transgradient systems with respect to 
the charged-particle motion considered above. However, the fact that the beam has a mini- 
mum deflection in the case of symmetry is not connected with this circumstance. Indeed, 
we can cite an example of a congradient deflection system ([5], pp. 45 and 142), which also 
has the same property. Fig. 4 shows the trajectories obtained by graphic-analytic means 


for the plane field of this system whose electrodes are shown by the heavy lines, plotted with 


an electrolytic trough. The dashed lines show the grid, and the potentials are given in arbi- 


trary units, in view of the similarity law. The minimum change in the direction is possessed 


by the symmetrical trajectory too, which crosses 
the grid at a right angle: this trajectory is de- Y=0 Ust  U=0 
flected by 80° whereas the neighboring non- ; 
symmetrical trajectories are deflected by 90 

and 106°. 3, 


Fig. 3 Fig. 4 


In conclusion let us show that the effect investigated above does not take place in the 
Gaussian region for single lens of either quadrupole or 
other types. In fact, regarding the symmetry plane of faa We 
an arbitrary single lens, we find that for any specified M4 rE ac \ 
1 (see Fig. 5) the angle of deflection is independent of 
the form of the trajectory: 


A =a4+B=((— + =) =const, (13) 
since the brackets contain the value of the optical 
strength, which is constant for the lens. This is 
valid for both thin lens (when the principal planes Hj 
and Hg coincide) and thick lenses. 
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PROCEDURE FOR ENERGY ANALYSIS 
OF THERMIONIC ELECTRONS ; 
UNDER PULSED EMISSION CONDITIONS 


V.N. Lutskiy 


An electric circuit is developed with which it is possible to measure the energy distribu- 
tion functions of thermionic electrons in pulsed and ''quasi-static'' modes while plotting the 
volt-ampere characteristics, and which also permits an investigation of the deformation of 
the distribution function in time when operating in a pulsed mode. 

An analyzer with sufficient resolution was developed. The procedure was verified with 
a tungsten cathode and both the circuit and the analyzer were found to have correct operation; 
a check made on a semiconductor cathode has shown that the expected effect, the investiga- 
tion of which brought about the development of the procedure, exceeds by many times the 
accuracy of the method. 


1. FORMULATION OF THE PROBLEM 


One of the possible causes of the lack of saturation in the volt-ampere characteristics of 
semiconductor thermionic cathodes is the deformation of the equilibrium distribution function 
of the electrons over the energies in the body of the emitter, as occurs under the influence 
of the internal electric field produced in the near-surface layer as a result of the flow of the 
emission current. The possiblity of such "heating" of the electron gas and the form of the 
nonequilibrium distribution function were considered theoretically in [1] and [2]. The expres- 
sion obtained by the authors of these papers for the distribution function was used in [3] to 
calculate the emission current as a function of the temperature and of the electric field. 

The heating of the electron gas was observed experimentally by Dubretsov and Bulygin- 
skiy [4]. The electron temperature was determined from the slope of the linear portion of the 
delay curves plotted on a semi-logarithmic scale. The measurements were carried out in a 
three-electrode cylindrical system (cathode — grid — collector) with oxide cathode and con- 
tinuous operation at a constant positive grid potential. The measurement results have shown 
that the electron temperature is higher than the lattice temperature, and that the difference 
between these temperatures has a tendency to increase with increasing lattice temperature. 

It is interesting to obtain a direct connection between the absence of saturation of the 
volt-ampere characteristics and the deformation of the distribution function, i.e., to measure 
the distribution of the thermionic electrons over the energies simultaneously with measuring 
the volt-ampere characteristics, and to obtain a more complete picture of the phenomenon it 
is desirable to turn to the region of highest anode voltages possible. 

From the point of view of broadening the range of current densities and anode voltages, 
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with account taken of the limited power dissipated by the anode, it is advantageous to carry 
out the measurements under pulsed conditions. In addition, the elucidation of the features 
of pulsed emission of semiconductor thermionic cathodes in the presence of strong electric 
fields on the cathode surface, as well as a comparative analysis of the results of the pulsed 
and continuous modes, are of independent interest. In particular, it would be of importance 
to the understanding of the phenomena leading to the drop in the pulsed emission current with 
time to investigate the distribution functions at different instants of time during the period of 
action of the pulse, with a wide variation of the pulse duration desirable. The first attempt 
in this direction is contained in the paper by Morgulis and Zingerman [5], 
_ but the analyzer used by the authors, which was suitable for the main pur- 
pose of their investigation, could not give the true form of the delay curves, £ 
owing to electron-optica! distortion. AAO ~S 
Thus, the problem is to develop a method with which, to measure the g| | ° 
energy distribution function of the thermionic electrons, simultaneously items 
with plotting the pulsed and static volt-ampere characteristics, in both the é | 
continuous mode and during various instants of time during the action of 1 
the pulse. o 


2. CONSTRUCTION OF ANALYZER 
To measure the energy distribution function of the thermionic electrons, 


we have employed the delay-curve method in a spherical-capacitor system. 
This method enables us to base the analysis on total energies; the resolu- 


tion of the method is determined by the ratio of the radii of the internal Fig. 1. System 
and external electrodes and by the maximum angle of emission of the elec- of electrodes of 
trons, in accordance with formulas [6, 7] the analyzer. 

Av = la sin’@, (1) 


v ik? 


where Av — interval of unresolvable velocities in electron volts; v — total velocity of elec- 
tron in electron volts; r — radius of internal electrode; R — radius of external electrode; 
g — maximum angle of electron emission. 

By virtue of the fact that in our case the system must be of the three-electrode type 
(cathode — anode — electrode), we must take v to mean the summary velocity, made up of 
the initial velocity and a velocity acquired in the tvansit space under the action of the anode 
voltage. Ata high anode potential, reaching to 10 kv, this circumstance strongly increases 
the interval of unresolvable velocities, so that the usual 1% accuracy employed in such sys- ~ 
tems is found to be insufficient at an electrode radius ratio equal to 10. 

It is possible to increase the resolving power of the instrument by reducing the maximum 
angle of emission of the electrons with sufficiently strong diaphragming and attenuation of the 
effect of the scattering lens, unavoidably occurring near the exit diaphragm of the anode. 
These considerations, together with considerations involving the choice of optimum geometry 
for the production of a maximum field at the cathode surface at a given anode potential, were 
indeed the basic premises for the choice of the velocity-analyzer construction. 

The construction chosen is a modification of the system used by Muller and Young [8] to 
measure the distribution of field-emission electrons by energies. The general agreement the 
analyzer had is shown in Fig. 1. Here 1 — anode in the form of a cylinder 5 mm in diameter 
and 10 mm high, having an upper diaphragm of diameter 0.03 — 0.04 cm, holes 0.8 mm in 
diameter on the side for the measurement of the cathode temperature, and similar holes be- 
low for the centering of the filament (cathode); 2 — cylinder 3.5 mm in diameter and 3 —4 
mm high, in the bottom of which is contained a second diaphragm 0.03 — 0.04 cm in diame- 
ter; 3 — filament-like cathode; 4 — outside cylinder, terminated with a hemisphere 16 mm 
in diameter with a hole 8 mm in diameter; 5 — sliding cylinder, covering a slot 5 X 1 mm in 
the outer cylinder, intended for the measurement of the temperature; 6 — tungsten coil for 
outgassing the assembly (during the measurements the coil was at the same potential as the 
anode); 7 — screen protecting the working part of the analyzer against the penetration of 
scattered electrons. The leads of the coil are insulated from the screen with the aid of quartz 
tubes, covered, to prevent charging of the quartz, with tantalum cylinders 8 whose lengths 
were considerably greater than the lengths of the quartz insulators. 
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The entire assembly was made of tantalum. The collector was the spherical surface of a 
bulb on which a conducting layer of platinum was sputtered. The sputtering was such that 
upper and lower hemispheres were insulated from each other; in the lower hemisphere a 
window was left for optical pyrometry. The current of the scattered electrons on the lower 
hemisphere was completed outside the measuring circuit. The diameter of the collector was 
190 mm, i.e., the ratio of the electrode radii was R/r = 11.9. The error due to the non- 
sphericity of the field in the construction chosen by us, as shown in references [9, 10], was 
insignificant. A hemisphere with an exit diaphragm of sufficiently large diameter, in con- 
junction with a paraxial electron beam of small diameter, ensured small scattering of the 
electrons and at the same time eliminated the scattering lens formed in the region of small 
anode diaphragms. 


3. ELECTRIC CIRCUIT 


The gist of the method by which it is possible to measure the energy distribution function 
of the thermionic electrons and the alteration of this function with time, simultaneously with 
plotting the volt-ampere characteristics, is clear from the description of the electric circuit 
used for the measurements. 

a) Pulsed mode. In the measurement circuit described, an important factor is the use 
of high-voltage pulses with positive polarity, since the main part of the measuring circuit is 
concentrated in the collector-cathode circuit and must be grounded. 

Usually the circuit with accumulating capacitor, used to produce high-voltage pulses, 
produces voltages of negative polarity. The use of a high-voltage pulse pulse transformer is 
excluded, in view of the wide range of variation of the pulse duration. The use of a circuit 
comprising a thyratron with a long line is complicated and inconvenient. 

We, therefore, chose a simple circuit (Fig. 2), 
which enabled us to obtain a positive pulse without 

sf a stringent limitation on the repetition frequency 
= and on the pulse duration, and with practically full 
| utilization of the power-supply voltage. 

The circuit operates as follows. In the ab- 
sence of a signal on the grid of tube 1, this tube 
conducts. The plate current of tube 1 produces on 
R a voltage drop which almost cuts off tube 2, so 
that practically all the source voltage is applied to 
tube 2. The voltage applied between the cathode 


Fig. 2. Principal diagram of high- of tube 2 and the housing is insufficient to ignite 
voltage pulse generator of high-voltage the gas-discharge tube 3 and the voltage and the 
process with positive polarity. voltage drop on Rg is zero. When a negative- 


polarity pulse with several hundred volts ampli- 
tude is applied to the grid of tube 1, tube 1 cuts off while tube 2 conducts, and after the firing 
of tube 3 (disregarding the small drop across tubes 2 and 3) the supply voltage is applied in 
this case across resistor Rg. After determination of the triggering pulse, the circuit returns 
to the initial state. 

The circuit described produces at the output pulses of positive polarity, the duration of 
which vary from 50 to 1,000 microseconds, with a repetition frequency from 40 to 1, 000 
pulses per second, and the voltage is continuously adjustable from zero to 10 kv. 

The measuring circuit is shown in Fig. 3. 

For the measurements in the pulsed mode, switch Sj is set in position I. A positive 
pulse is applied to the anode of the analyzer. The voltage pulse proportional to the cathode 
current is picked off the resistance group Ro) and is fed to the input of the vertical-deflec- 
tion amplifier of the first beam of a double-beam oscilloscope. A pulse proportional to the 
anode voltage is applied to the input of the vertical amplifier of the second beam from divider 
Dj. .A voltage proportional to the collector current pulse, the magnitude of which is deter- 
mined by.the density of the emission current, by the form of the distribution function of the 
emitted electrons, by the resolution of the instrument, and by the collector potential, is 
picked off the resistor group Rgo] and is fed to the input of the vertical amplifier of the first 
oscilloscope beam. Connected to the input of the vertical amplifier of the second beam is a 
sawtooth voltage pulse, applied between the collector and the cathode, with the negative termi- 
nal connected to the collector. In this case the form of the current pulse on the collector if 
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Fig. 3. Electric measurement circuit. 


the sawtooth pulse has good linearity and if the oscilloscope sweep voltage has good linearity, 
taking into account the voltage drop across the resistances in the collector — cathode circuit, 
is the delay curve, i.e., the function igo] =f(Ve) (Vc is the collector potential). Inasmuch - 
as the oscillograph displays simultaneously with the delay curve also the voltage pulse applied 
to the collector, the requirement of linearity of Ve and linearity of the sweep voltage is not 
obligatory (the motion of both oscillograph beams is controlled by the same sweep voltage). 

The duration of the sawtooth pulse is chosen to be 7.5 and 25 microseconds, i.e., a small 
fraction of the duration of the rectangular pulse of anode voltage. By applying a sawtooth 
voltage with different delay relative to the start of the rectangular pulse, 
it is possible to plot the delay curve at any instant of time of operation of 
the anode-voltage pulse. é 1 

The synchronization system was produced in this case in the follow- 2 
ing fashion: an external pulse of required frequency triggered a high- 
voltage square-wave generator and the delay block of a sawtooth pulse 
generator. The oscillograph sweep was triggered by the delay pulse 
simultaneously with application of the sawtooth voltage pulse. 

Using a differentiating network consisting of a capacitance Cq=100 Fig. 4. Typical form 
micromicrofarad and a resistance Rd = 500 — 1000 ohms, one can of oscillograms: 
obtain directly the energy distribution curve of the thermionic elec- 1 —collector current 
trons. The quantities Cg and Rg were determined by trial: ifthe dif- (null line above); 2— 
ferentiating network operates correctly, the sawtooth pulse applied to sawtooth collector 
its output should be converted into a rectangular pulse, provided it has voltage pulse. 
sufficiently good linearity. The use of electric differentiation, how- 
ever, entails a considerable reduction in the sensitivity and can be used, therefore, only at 
sufficiently large emission-current densities. 

To compensate for the contact difference of potentials and for the voltage drop due to the 
cathode and collector currents, a constant positive bias is applied to the collector, and its 
magnitude can be continuously varied from zero to 40 volts. The potentiometer from which 
the bias voltage is picked off was shunted by a capacitance Cpj = 30 micromicrofarads anda 
semiconductor diode D to ensure a low time constant in the capacitor-discharge circuit. 
The presence of these elements made the AC impedance of the bias circuit negligibly small. 

The time constants, which are determined both by the input capacitance of the oscillo- 
scope and by the internal capacitance of the analyzer, did not exceed several tenths of a 
microsecond; the frequency characteristics of the oscilloscope amplifier made it possible to 
obtain oscillograms without distortion of the true form of the investigated relationships. 
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A typical oscillogram is shown in Fig. 4. 

b) Quasistatic mode. The customarily used static-measurement modes did not permit us 
to employ anode voltages greater than 1 — 2 kv, owing to the strong heating of the anode. We 
were able to eliminate this difficulty in the following fashion. 

When the anode voltage is turned on, the heating time, depending on the current picked off 
and on theapplied voltage, fluctuates approximately from 0.5 second to several seconds. With 
relation to the processes that occur in the cathode after the anode voltage is turned on, this 
time is much longer than the time required for the stationary state of the cathode to be estab- 
lished, and, consequently, measurements made during that interval can be regarded as being 
made with the cathode in continuous operation. 

This measurement mode is realized in position II of switch 8, (oil switch K, which 
closes the circuit during the required time interval. Part of the anode voltage is fed from the 
voltage divider directly to the vertical-deflection plates of the second beam of the oscillo- 
scope. The voltage applied to the deflection plates of the first beam is proportional to the 
anode current, and is picked off the group of resistances Rc. 

Measurements in the collector circuits are carried out in the same fashion as in the 
pulsed mode (for the sake of simplicity, Fig. 3 does not show the switching circuit). 

By applying the anode voltage for a short interval of time, we were able to operate with 
voltages on the order of 5 — 6 kv, without overheating the cathode. : 


4, TEST OF THE PROCEDURE WITH TUNGSTEN CATHODES 
DISCUSSION OF RESULTS 


The main purpose of the control measurements made with the tungsten cathode was a 
comparison of the experimental delay curves with the theoretical ones. If the volt-ampere 
characteristics are correctly measured, this will certainly reduce uncertainty considerably. 

Distortion of the form of the delay curves can be due 
both to the quality of the analyzer and to incorrect operation 
of the electric circuitry. Distortion due to the operation of 
the circuit can immediately be eliminated from considera- 
tion, for, in addition to carefully checking the circuit ele- 
ments with regards to the time constants and the frequency 
characteristics, we established that the form of the delay 
curves plotted in the ordinary manner (without the use of 
our circuit) always coincided with the results obtained with 
the circuit. 


mn) 


Fig. 5. Delay curves in semilogarithmic scale for tungs- 
ten cathode (static mode) 


1°—'T = 2,650" KU, Sd ky; 2 oT = 3680) kd Usa Onn 
kev. The dashed curve is the theoretical relationship for 
I at ° 
log, 5—<— IP SPROUT 


Io max 


Thus, the correctness of the results was essentially determined by the quality of the ana- 
lyzer. An idea of the quality of the analyzer can be gained by comparing the results of meas- 
urements made with a tungsten cathode whose thermionic-electron energy distribution function 
can be regarded as Maxwellian [11] with the theoretical curve for a given temperature. 

Fig. 5 shows the delay curve plotted semilogarithmically, for tungsten at 2,650° K and 
at 1 kv on the anode (curve 1). The dashed curve is the theoretical one. We see from Fig. 5 
that the discrepancy occurs at low electron energies. This discrepance is not exclusively the 
consequence of lack of sufficient resolution, but can also be due to secondary emission from 
the collector. The presence of secondary emission is confirmed by the form of the charac- 
teristic in the region past saturation (see Fig. 6). Fig. 6 shows on the linear scale the same 
curve as in the preceding case. The correction for the secondary emission can be made, for 
example, by the method described in [8]. 

A direct estimate of the resolution from the comparison of the experimental curve with 
the theoretical one at low electron energies is, therefore, difficult. It is more correct to 
compare the theoretical and experimental characteristics, using a temperature determined 
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Fig. 7. Delay curves in pulse mode for 
different anode voltages (curve 1 pertains 


= 7 ? Sat Baas volts tO tungsten, all others to a semi-conductor 
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Fig. 6. Delay curve for tungsten cathode in 3 — Ug =1kv; 4 — Ug =4 ky; 
static mode at Ug = 1 kv, T = 2,650° K. 5 — Ug = 7 kv; 6 — Ug = 9 kv. 


from the slope of the straight-line portion of the delay curve on the semilogarithmic plot. In 
the case of good resolution the determination of temperature from the slope of the experi- 
mental delay curve yields sensible values. If the resolution is somewhat deteriorated, say 
as a result of deformations in the wiring occurring during the outgassing, the calculated 
values of the temperature are greatly increased and reach more than 5,000° K. This yields a 
sensitive criterion of the quality of the analyzer. Although this criterion does not yield the 
exact value of the interval of unresolved velocities, it does guarantee smallness of this inter- 
val, and as a consequence, correctness of the determination of the investigated distribution 
function. 

The same remark can be made concerning the width of the delay curve as the current is 
changed, say, by two orders of magnitude. In many cases the difference between the theo- 
retical and measured widths of the delay curve was less than 0.05 volts, and the deterioration 
in resolution due to increasing the anode diaphragm diameter to 1 mm led to an increase in 
width by 2 — 3 times. P 

Fig. 5 shows, for the sake of comparison, the delay curve for T = 3,180° Kat Ug = 
= 500 v. In both cases the temperature calculated from the delay curves was compared with 
the temperature determined from the tables on the basis of the emission-current density, 
with allowance for the smallness of the emitting surface of the cathode, owing to the large 
temperature gradient along the cathode. 

The fact that the theoretical width of the delay curve agrees well with the measured one, 
and the sensible temperature values obtained from the slope of the delay curve are also evi- 
dence, on top of all the above, that the use of non-pulsed heating of the cathode, and also the 
potential drop along the filament, do not exert an appreciable influence on the quality of the 
analyzer. The point is apparently that when such strong electric fields are produced at 
the cathode surface, the effect of the magnetic field due to the filament current is small and 
is practically uniform for any part of the spectrum, so that the distribution is "transferred" 
to the anode-diaphragm region without distortion. As regards the potential drop along the 
filament over a length equal to the diameter of the diaphragm, it.does not exceed 0.01 — 0.02 
volts, and naturally does not exert any influence on the resolution of the analyzer. 

We also checked the procedure using several types of semiconductor cathodes. Fig. 7 
shows results obtained in the pulsed mode. The abscissas represent the ac component of the 
collector potential. 

The constant positive collector potential, not shown in the figure, increased with increas- 
ing anode voltage and reached 24 v at 9 kv. Curve 1 pertains to tungsten at 2500° K and 
Ug = 9kv. Other curves, plotted for different anode voltages, pertain to a semiconductor 
cathode at 1500°. It is seen that with increasing anode voltage the distribution function is 
greatly changed. Curve 1 shows that this change cannot be attributed to the properties of the 
analyzer or of the measuring circuit. The effect is reduced with increasing temperature. 
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An analysis of the results obtained with a semi-conductor cathode is beyond the scope of 
our paper. 

In conclusion, I am deeply grateful to B.M. Tsarev for general guidance of the work and 
to M.I. Yelinson for numerous useful discussions and systematic help with the work. 
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BRIEF COMMUNICATIONS 


ESTIMATE OF FREQUENCY OF NARROW-BAND 
SIGNAL AGAINST A WHITE-NOISE BACKGROUND 


¥ 


V.1I. Bunimovich, V.A. Morozov 


1. The purpose of the present communication is to show that the problem of estimating 
the frequency of a signal received against the background of white noise is equivalent to the 
problem of determining the position of the maximum of a function representing the superpo- 
sition of a stationary Gaussian noise and a certain regular process (see Section 6 below). * 

2. We assume that the expression for the signal is 


S(t) = C(t) cos [wt — 9 (t)] (1) 


and assume further, as usual, that the envelope and the "phase" 9(t) of the signal are slowly 
varying functions of the time. 

We carry out the estimate by the maximum-likelihood method [1]. Here, as is well 
known, we can simultaneously assume that the estimate is obtained by the method of maxi- 
mum of a posteriori probability [2, 3], if the form of the curve of the a priori distribution of 
the parameter is sufficiently close to rectangular. One must naturally bear in mind the dif- 
ferent meanings of the estimates obtained by these methods. 

3. On the basis of the well known expression for the conditional probability density of an 
oscillation obtained against the background of white noise (in the case of a signal "known ac- 


curately, '' see [4]), we can write for the likelihood function of the parameter 
F7 


qe 
{ 
L (@) = exp |— x, (x — S)? at| ; (2) 
0 


where T is the period of observation; Nog is the spectral density of the noise; x is the in- 
coming oscillation (sampling function). 
An idea concerning the parameter w, on which the signal S depends, is obtained from 
the ''observed" function x. 
The expression in the exponents of the right half of (2) is represented in the form of a sum 
T 


x Dy 
of three terms. The only term dependent on the parameter of interest to us is ral xS dt. In 
0 


lieu of the latter it is convenient to examine the proportional quantity 


ge 
u=Z\ at, (3) 
0 


*In the case of a signal with "unknown" phase, the problem of estimating the frequency, 
and also of estimating the delay, reduces to the determination of the distribution of the posi- 
tion of the maxima of the envelope of the same function. 
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where E is the signal energy; q characterizes the signal-to-noise ratio: 
IB 
p= \ stat; q= No° (4) | 
0 


It is clear that the likelihood function (2) assumes a maximum value simultaneously with ex- 
pression (3). 
4, We can write for the functions x and S 


x =n (t) + C (2) cos [wot — 8 (d)], 
vt 


S = C (t) cos [wt]— 6 (t) =C(t)cos 7 + @ot — 0 OF (5) 


where n(t) is the white noise and w is the estimated parameter. We take as an estimate the 
value of the parameter at which the right half of (3) is a maximum (we have in mind in general, 
naturally, the greatest maximum). The value of v in (5) is 


v =(@ —@o) T. ; (6) 
This quantity, proportional to the deviation of w from the true value of the frequency wt, 
will henceforth be taken to be the estimated parameter. 
5. We can now write, obviously, 
u = Uy (V) + Ug (V), (7) 


where 


7, 
i t 
uy (V) = ‘ ( n (t) C(t) cos Ee +@ot — 0 «| dt; 


0 


qd ( ‘Tut (8) 
ug(Vv) = 4{ C2 (t) cos [wot — 6 (2)] cos KE ++ @ot — 0 | di= 
a : BE 
ul i \ C? (t) cos Ye qe a C? (t) cos [(200 + Fe — 29 | dt 
0 0 
or approximately 

u 

ug (v) = \ C2 (2) cos dt. (9) 
0 


The component ug(v) is a regular function of the parameter v. On the other hand, the 
component uN(v) is a random function of v (we note that the representation (7) corresponds 
to an expansion into a "signal" and noise function, as was done in [2]. 

On the basis of the well known expression 


N 
nn) = pb (4 (10) 


for the correlation function of a white noise, we obtain for the correlation function of the ran- 
dom "process'' unN(v) (see (8)) the following expression (see also (4)): 


T ik 
= 9p \ 6° (0) e057 de + 5—\ 0° (0 c0s[(2an +5 + Fr) — 20] ae 


0 0 
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or, approximately 
iW 


renee ites ba rie : 
UN (V) Uy (Vv +9) = inne = 3B | 0?(1) cos 7 aT, 
: (11) 
hence 
uz = ale (11a) 
since 
“ T 


Ea \ S* (i) dt~ =| C? (t) dt (cm. (4) u (4)). 
0 0 


Thus, the random component of the function u (see (7)) is a stationary Gaussian random 
function of the parameter, with a mean value equal to zero, with a dispersion equal to unity, 
and with a correlation coefficient defined by the form of the envelope of the signal in accord- 
ance with formula (11). In lieu of (11) and (9) we can write 


T 


uy Ung = 7 (0), 4g (Vv) = Gr (v)wherer (x) = vB \ C? (2) cos pat. (12) 
0 


In the particular case when C = const we have 


ts (Vv) = ee ("signal") 


(12a) 
ee Sd é ae : 
“yyy = —g (correlation coefficient of "noise'') 


We note incidentally that it is easy to obtain from (11) (or (12)) the following expression 
for the spectral density F(p) of the random process uN(v): 


4 
F (p) = 55 C? (Tp). (13) 
& 


6. The foregoing arguments show that the problem of estimating the frequency ofa 
narrowband signal (with a single unknown parameter) against the background of white noise 
is equivalent to the problem of the distribution of the position of the greatest maximum of a 
function representing the superposition of a Gaussian stationary random process and a regu- 
lar signal. The correlation function of the random process and the function representing the 
signal have one and the same form (see (12)) and are determined by the form of the envelope 
of the actual signal (1). 

To be sure, the problem of the distribution of the position of the maxima has not yet been 
solved in general. Such a representation, however, in addition to its clarity (compared with 
the initial formulation) is also useful because it leads to a simulation method that yields ex- 
perimentally an estimate of the frequency. In our case it is easy to obtain an asymptotic 
expression for the estimate (one valid for large values of q, see [2] and Section 7 below), 
but even for this case it is of undoubted interest to determine experimentally the applicability 
region of the asymptotic expression (these experiments are not cited in the present communi- 
cation). 

7. Let us touch upon now, for the sake of completeness, the question of the asymptotic 
estimate of the frequency, an estimate which is valid for large values of the signal/noise 
ratio, or more accurately for sufficiently large values of the quantity q (see (4)). In this 
case the greatest maximum of the function u(v) with probability close to unity will be the 
maximum which is closest to the origin v =0, i.e., the estimate will be the smallest value 
of v satisfying the equation 

u(v) = uy + gr(v) = max 


(14) 
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[see (7) and (12)], i.e., the smallest root of the equation 
u’ (v) = wy (v) + gr’ (v) = 0. (15) 


It would be natural to attempt to derive an expression for the smallest root of Eq. (15) at 
large values of q in the form of an expansion in powers of the small parameter € = 1/q: 


vy =v(e)=v (0) +v’ (e+... . (16) 


It is easy to see [see (15) and (12)] that v(0) = 0; by differentiating (15) with respect to 
€ we readily obtain 


wy (0) 
v’ (0) = =F" ‘ 
where [see (12)] 
T =~ 
= 1 ° t? 
- r” (0) = uy Soe, °C7(8) dt = 7 : (17) 
0 
t2 is defined by the well-known expression 
e 
\ #0? (t) de 
a eee (18) 
\ C2(t) de 
0 


The first approximation for the estimate of the parameter v [see (16)] will be, on the 
basis of the foregoing, 
uy (0)  T2uvy (0) 
=a" Og (19) 


ya (0) ee 


and in the particular case C = const we have t2=T1T2/3 and 


Buy (0) 
Nera ST tsi. (19a) 


Noting further that by virtue of (12) we have unt = -r"'(0), we obtain on the basis of (19) 
and (17) the following expression for the dispersion of the estimate 


-gr'y) -9r'v) 


cae ane (20) 
u,v) and when C = const we get 
>» eo ON pet AE al og aN) 
Ma Ga Tap ye Oey) Gigs ; (20a) 


We note that the estimates (20) and (20a) are unbiased and 
asymptotically best [1]. The expression (20a) agrees with that 
obtained in reference [2]. 

We note that by successive differentiation of both halves of (15) with respect to e€ [see 
(16)] we can readily obtain further approximations for the estimate, shown in the form of ex- 
pansion (16), but in practice this is meaningless, since the probability of the expansion (16) 
being meaningful [i.e., the probability of such realizations of the function x= x(5), at which 
the expansion (16) is valid], will in general be close to unity for large q, as is shown in (19). 
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8. Without discussing further possible methods of deriving (19) and its refinements, let 
us indicate briefly, in conclusion, a geometrical interpretation of this formula. This inter- 
pretation clarifies, so to speak, the meaning of the approximation obtained and can also be 
considered as an elementary method of derivation. 

The figure shows schematically the plots of the functions -qr'(v) and u'y(v). The ab- 
scissa of the point of intersection of these curves determines the sought root of Eq. (15). It 
is clear from the figure that at sufficiently large values of q, we have 


wy (0) & wy (v) =v (—9r" (¥))hg = — var" (0). 
The last equation is equivalent to (19). 
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CALCULATION OF RELIABILITY OF TROPOSPHERIC 
COMMUNICATIONS SYSTEM 
IN THE PRESENCE OF CORRELATED FADING 


a 


A.V. Prosin 


In UHF communication using long-distance tropospheric propagation, various types of 
separated reception are used to overcome the rapid fading of the signals. The reliability of 
the communication system with respect to the rapid fading in the case of multiple reception 
will be characterized by the percentage of time during which at least one of the amplitudes 
of the separated signals exceeds the corresponding threshold reception level 


H, = (1—S,) 100% (1) 


where Sn is the probability of having all the amplitudes of the separated signals below the 


threshold reception levels uty, Utg,-+-+, Utn: 
Uty “te “tn 
= =i Nes a WAP hig oar W,) diy,dug..., dun. (2) 
n 1°) 0 
In Eq. (2), W, (U1, ..-, Un) is the n-dimensional differential distribution function of 


the instantaneous values of the amplitudes of the separated signals at the receiver inputs. 
Expressions (1) and (2) determine the reliability of the communication system in the case 
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of separated reception with switch over, when the stronger signal is chosen. Inasmuch as the 
gain obtained by using the method of signal addition over the method of switching is known, 
expression (1) also enables us to determine the reliability of the communication system in 
which signal addition is used. 

The purpose of the present communication is to determine the reliability of the long- 
distance communication system in the case of duplicate signal reception. It is assumed in 
the calcuation that the field at the reception point is made up of a fixed and scattered com- 
ponents, and that the fadings in the different separation channels are correlated. 

In accordance with (1) and (2), to calculate the reliability of duplicate reception it is suf- 
ficient to determine the two-dimensional integral distribution function 


Usa UES 
Se= \ We (uy, U2) duyduz, (3) 
Gn 40 


where the differential distribution function (in the presence of a constant and random compon- 
ents of the signal at the reception point) is 


a ae er 
UU Sus oad Om 02 ea O02 ae 


a(1— A) a (1 FY) - 


We (wi; U2) = 


co 
\1 Ruy Ung atte u,, — Ru 

x yi 1U2 o1 02 02 o1 
2 en o| aC =F) J+ ad — Ry | tm |e — Ry“): (4) 


m=0 


In formula (4), uy and ug or ug, and ugg are respectively the amplitudes of the 


summary and of the constant signals, acting in the first and second separation channels, re- 
spectively; o2 — dispersion of the orthogonal components of the random vectors of the 


signals: R2 = Hae + Roe Ry3 and Ryq are the coefficients of correlation of the orthogonal 


components of the random of the field; «€g=1; €,,=2 for m>0; I — is the Bessel 


m 


function of order m of pure imaginary argument. 
We shall henceforth confine ourselves to an analysis of the case when ug = ug2 = ug, 


which is of practical importance. By substituting (4) in (3) we obtain a double integral, which 
is not expressed in terms of elementary functions. Let us find the approximate solution of 
(3). We represent the Bessel functions of pure imaginary argument in (4) as a series 


2 ; . n+2k 
1,@)= Dare prey) { 


(5) 


where I is the gamma function 

When the Bessel functions are replaced by the series (5), the variables uj and ug in 
(3) separate, and consequently it is sufficient to calculate, in lieu of the double integral, the 
eee integrals that result from the separation of the variables. After integrating (3) we 
obtain 


oz co co 


ae \ 5! e Rmt2k 
Ses=(1L— Re ~  D) Dy Se : zl x. 
e cee ces! ie « —1)T (m+ k + 1) (6) 
Si Pde +e+144) ay Ge | | No Ei (mse ea 1) 
aa : = Zz ) — T (ug | 
[> P(d@+ 4) 0 Gr + 1+ 1) 1, Pl =i hb am pn gr! (u2, pe) h 


Where I(u, p) is the incomplete function [1]: 
uV pli 


I (u,p) = Dips) Ee eee 


(7) 
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2 
Lara 


m= a9 RY Vm Lei: (8) 
P=m+kti; (9) 
u 1 eee ; 
2 262 (1—R)Vm+ktn+i’ (10) 
Po=m+k-+n; (11) 
= Pf es 
PST RR (12) 


oe (13) 


From (7) we have when the receiver input is only the random field component 


So = (1— BR?) 3) RT (wr, pr) I (us, pr). (14) 


k=0 


When the receivers have identical threshold properties (ug, = Uts = uz), we obtain from 
(6) and (14) 


byAY eek. ee) g MR acets 


1—R m 
Bare Grud cre Dee) répi)Pm Leh? ~* 


m=0 k=0 


yp hieebaieleaietg: : 
‘ 2 rorare pens Mp (15) 


Ss = (1 — R%) S' [R*T (u, p))?. 
= (16) 
The tables of the functions (14) and (16) are given in [2]. Let us consider some particular 


cases that follow from Eq. (15). 
1. As R-0O 


= =[( D ge wal. (17) 
=) 


2. As R~0 and y2—0 


os 3 
Se SS Pups tee), (18) 
38. As R-1 
= ae aly : 19 
S2= S (rer? (u, P) (19) 
4, As R~1 and y2—0 
ue 
wll 
Se=Si3=I(u,p)=1—e * (20) 
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Expressions (19) and (20) are one-dimensional distribution functions of the signal ampli- 
tudes for the generalized Rayleigh law and for the Rayleigh law proper, respectively. If itis 
necessary to plot the dependence Sg =f(S,) for y=0, we must put in (14) or (16) 


In (4 — 5) 


Y= GR) VEIL 2u 
5. If the following inequalities are satisfied 
Rui, upuy 
isi— p<! Teast R S! (22) 
we have 22 a 
alo HF) Rel S (23) 
In the presence of a random field component at the reception point we have 
Q 2 
pee 76 
Sa= [1 —e¢ iF ma (24) 


It is interesting to note that formulas (23) and (24) have outwardly the same form as 
formula (18), calculated for the case R=0 and y2=0. The correlation of the signals and 
of the DC component of the field is accounted for in (23) and (24) by the factors [-2z(1-R)-1] 


and (1 -R4)-1, 

In long-distance communication we frequently have y2<1. From (1) and (16) it follows 
that if a random field exists at the reception point, the reliability of the system with duplicate 
reception depends appreciably on the correlation coefficient between the separated signals 
only when R>0.6. Consequently, in practice we very frequently have z«K<1. For z<«1 
we obtain from (6) 


22 lee} 


Same I~ PIA — RY) DRT (us, ps) (ua, py}. (25) 


k=0 


When ut = Utg = ut we have 


2z 


Ss=e 1—-R 


(1 — R®) Sled (u, nr} (26) 
k=0 


The functions in the curly brackets of (25) and (26) coincide with the functions (14) and 
(16), which are tabulated in [2]. 

An analysis of (23) — (26) shows that the reliability of a communication system in the 
case of separated reception increases appreciably as the power of the constant signal in- 
creases compared with the power of the random signal. The reliability is least when only the 
random component of the field is present at the point of reception. An increase in the coeffi- 


cient of correlation between the separated signals greatly reduces the reliability of the com- 
munication. 
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CASCADED BRIDGES 


A.L. Fel'dshteyn 


In [1] we investigated optimal cascaded directional couplers, made up of coupled lines 
(Fig. 1). Let us examine the conditions under which these systems turn into bridges. 

A bridge is defined as a directional coupler in which the voltages in the arms are equal 
in absolute value and have a constant phase shift. 

The cascaded couplers considered in [1] do not produce a constant phase shift between 
arms 2 and 3 of a four-port network, and consequently are not bridges in the sense indicated 
above, even when the power is equally divided. 

We indicate below the conditions under which a cascaded directional coupler becomes a 
bridge, and tabulate certain typical problems involving the calculation of three-decibel bridges 
of this type. 

A cascaded directional coupler has, for any number of steps, a theoretically perfect di- 
rectivity and is matched at all frequencies [1]. To define it completely it is, therefore, suf- 
ficient to specify the modulus and the phase of the coefficient of voltage division between arms 
2 and 3: 


Ty, = — a5 
ee Na (1) 


Hig 


We shall stipulate that 
|M|=1, arg M = > (2) 


at all frequencies, and starting from the wave transfer matrix of one step 


cos 9 +7 psin § 0 } 0 —jrsin § | 
T)= 0) cos§+/7psin§ —vyrsin 6 0) (3) 
[7] = 0 yrsin 9 cos § —j psin§ Oey | 
les sin § 0 0 cos § —7 sin 


(p and r are respectively the wave resistance and the coupling resistance, normalized to the 
load resistance R) we investigate the product of several matrices such as (3). By induction 
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we reach the conclusion that a cascaded directional coupler becomes a bridge when the num- 


ber of cascades is odd and the system is completely symmetrical. aad 
Equations for the calculation of a three-step bridge with equal power division have the 


form 


27 27 

ob — fet IMmin= 0 4 
{ 
and ) 
12 ang 
(e — 2ra) (1 + 27%) — 274 yi a a V 1+ (@ — 2)? = |Mlmin (5) 
| 

where 
i 2ry + la, 
(6) 


and the meaning of IMI, in is clear from Fig. 2. 


Eq. (4) can be solved analytically, and (5) graphically. Substituting the obtained value of | 
r1 in (6), we obtain rg. The numerical results of the calculation are summarized in the 
table. 


Normalized coupling 


Nominal transfer | Maximum deviation resistances of the cascades | Coefficient of band 


attenuation of the | from nominal value 


bridge, db of 6 (tolerance), db overlap A2/A4 


The amplitude-frequency characteristics of a three-cascade bridge (with tolerance 
6 = 0.5 db) is shown in Fig. 3 (solid curve). The dashed curve is the characteristic of a two- 
step Chebyshev-type directional coupler, calculated in accordance with [1] for the same value 
of the tolerance. The two characteristics are practically the same. Thus, to attain identical 
results with respect to matching, directivity, and power division it is advantageous to use 
two cascades in a coupler and three in a bridge. This can be readily understood if it is rec- 
ognized that the bridge must satisfy the requirement of having not only constant power division 
with respect to the amplitude-frequency characteristic, but also constancy with respect to the 
phase-frequency characteristic. In a cascaded directional coupler, on the other hand, argM 
depends on the frequency (Fig. 4). 


mil? 
10 


y" 
zi Oh 


Fig. 4 


It is expedient to construct the bridge or directional coupler in the form of a strip [2] or 
coaxial [3] coupled line; the length of each cascade is 1 = Xay/4; where Agy is the wave- 
length corresponding to the central frequency of the band. 
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VARIATIONAL PRINCIPLE FOR HOLLOW SYSTEMS 
WITH ANISOTROPIC MEDIUM 


V.V. Nikol'skiy 


The variational principle can serve as the basis for the construction of various methods 
of calculating irregular gyrotropic resonators, waveguides, and waveguide transformers, as 
well as other hollow systems with inhomogeneous isotropic filling. In particular, it can be 
verified that the matrix formulations arising in eigenfunction expansion of the fields [4, 5] (or 
their like) are obtained by employing the Ritz method in the corresponding variational prob- 
lem. 

Convenient variational relations for resonators and waveguides, as is well known, were 
published by Berk [1]. However, Berk's formulas are suitable only when the dielectric- 
constant and permeability tensors of the internal medium are Hermitian. We obtain below 
similar expressions, which are free of the foregoing limitations and at the same time are 
much simpler than the Hauser functionals [2, 3]. 

Let us take a hollow electromagnetic resonator with a perfectly conducting shell S, 
delineating a volume V, filled with an inhomogeneous anisotropic medium. The permeability 
and dielectric constant of the internal medium (tensors, functions of the coordinates) are de- 
noted by the symbols p and e. 

Writing down the Maxwell equations 


rot H = joek, (1) 

rot ES jon, 
we start out from the assumption that the variational principle for the natural frequency w 
can be formulated also when » and ¢€ are non-Hermitian [i.e., when energy is either ab- 


sorbed or generated (regenerated), as in parametric systems]. Then, as follows from the 
general premises of the variational method (see, for example [6], Chapter IX), one must 


introduce the "conjugate" quantities E and H — the solutions of equations which can, in 
particular, be obtained by verification of the variational principle. Multiplying both lines of 


(1) by E and H respectively, and integrating over V, we obtain 
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\ (ii rot B — Biot it) dv 


= 


Te) oy Wr (2) 
\ (Hpi + Be B) dv 
Vi 
or abbreviated 
c=. (2a) 
Regarding (2) as a functional, we set up the variation 
3 
6 (Af — oN) = A. (3) 
We see that 
A= i (oi rot £ + H rot 62 — d# rot H — B rot sit) dv — 
mu 
— on (siipit += Toe + deb + bed) dv 
v 
or 
Ave /\ 6 H(rot # +joult) dv — A ob (rot es joek) dv + 
Vv Vv 
—] \ SE (rot H +joLe) dv — rn oH (rot — jolt) dv + i\ {loz, H| aa [B, dH])} as. 
Vv Vv Ss (4) 
This result shows that, A vanishes under the following conditions 
1) The fields FE and are solutions of Maxwell's equation (1). 
2) The variation 5 E obeys the ordinary homogeneous boundary condition 
[sz, no] = 0 for S. (5) 
3) The fields E and H are solutions of the equations 
rotH a joke, 
AS se (6) 


rot B = joHp, 


which can be called the conjugate Maxwell equations (these were the equations used by Hauser 
in [2, 3]), under the same usual condition 


fe a) maton: (7) 


The variational principle has thus been established, and in the case of Hermitian u and 
€ the formula (2) becomes the well-known formula given by Berk [1], for then 


> 


H = Hand 


mit 
I 
: 


It is likewise easy to check that the variational principle for a cavity with non-Hermitian 
permeability and permittivity, is also expressed by the relations 


e x 1 => 
\ rot E mo B dv 
Vv 
oe eS 2 (8) 
\ EeEdv 
V 
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~~ 


and 
S 1 > 
\ rol 1 4 rot Hf dv 
Vv 


(Oye ( ae : 
Hulldy 
aoe (9) 


which in turn go in the Hermitian case into the formulas of [1]. At the same time, functionals 
which are written somewhat differently may prove to be more convenient.* For example, in 
lieu of (8) we write 


Ss 4 4 
\ ~ rot res E dv 
@? = ba = 
\ EB Bar (8a) 
V 
Lab alata Den 
\ D rot mn rot z D dv 
aye 
ae: (8b) 


\D Ddv 


V 


(we do not write out the analogous formulas with magnetic vectors). 

We can obtain in the same manner several variational relationships for a waveguide. We 
confine ourselves to a generalization of the most interesting formula of reference [1] to the 
case of non-Hermitian constants. Namely, introducing the previous conjugate fields 


E and H (solutions of (6) under boundary condition (7) on the shell of the waveguide), we can 
readily obtain from Maxwell's equation the following functional for the propagation constant T: 


o\ (Eek + Hyif) as — ;\ ree E— Brot, if) as 
Ss; S| ; be a 

| (le, al+[e, Al} as 

Sis 


‘= (10) 


4 
Here S._ is the transverse section of the waveguide, and the same symbol (1) at the dif- 
ferential operator denotes that we put 8/9z=0. 
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*The quantities E and D in formulas (8a) and (8b) must be regarded as tending to the 


4 1 : 
eigenfunctions of the operators related with = rot and rot ‘i rot a respectively. 
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EFFECT OF SECTIONALIZATION 
ON THE SATURATION POWER 
OF A TRAVELING WAVE TUBE 


A.1I. Denisov 


As is well known, one of the methods of ensuring stability of a traveling wave tube is to 
sectionalize the slow-wave system by introducing a drift portion [1, 2, 3]. 

We consider below the effect of the position of the discontinuity (a very short drift) on the 
saturation power of a tube for the case when both sections have fully matched loads. 

Figs. 1 and 2 show the results of integration of the nonlinear equations [4] of a TWT with 
two sections, as carried out with the ''Kiev'' computer. 


R/ctu,db 


0 04 08 “12CN, 


Fig. 1. Dependence of saturation power in a traveling wave tube 
with break on the length of the output section. 


Fig. 2. Effect of sectionalization on the length of the tube. 


At the point of discontinuity, the variables characterizing the motion of the electrons are 
continuous, and the power flux at the output of the gathering section is zero. 

What is common to both figures are the following parameters: (we use Pierce's notation 
[1] throughout): the amplification parameter C= 0.05, the space-charge parameter GC = 0, 
the damping parameter d=0.1. 

Fig. 1 shows the dependence of the relative saturation power in a TWT with discontinuity, 
Psg/CIU in decibels (I — current, U — voltage of the electron beam) on the relative length 
of the output gathering section CNg (it is assumed that the output of the gathering section co- 
incides with the maximum-power point). Curves 1 and 2 correspond to an electron velocity 
parameter b= 0 and input power levels Pjp/CIU of -32 and -6 db; curves 3 and 4 pertain 
to b=1 and to input powers of -10.4 and -6.4 db (the parameter b= 0 corresponds to the 
maximum of linear amplification coefficient, and b = 1 corresponds to a maximum efficiency 
in the tube without breakup). 

The horizontal dotted lines denote the corresponding saturation-power levels in the TWT 
without break. 

It follows from Fig. 1 that the break begins to reduce greatly the saturation power, if the 
length of the gathering section CNg is less than 0.4 for b=0 and less than 0.54 for b=1. 
As the length of the gathering section CNg is reduced from 0.42 to 0.22 (curve 1 of Hise Le 
the saturation power drops by 3.2 db. 

Fig. 2 shows the difference C(N - No) between the length of a tube with break, CN = 
CN; + CN2 (from the input to the maximum power) and the length of a tube without break for 
identical parameters b and Pj,/CIU. 
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The abscissas represent the length of the input bunching section CN,1. The numbering 
and the parameters of the curves on Fig. 2 are the same as in Fig. 1. The vertical dashed 
lines denote the corresponding lengths CNo of a TWT without break. 

As follows from Figs. 1 and 2, when the break approaches the input to the tube, the 
saturation power remains almost constant; but if the length of the bunching section becomes 
small (CN, ~ 0.18), then the length of the tube CN increases sharply as the other parame- 
ters remain fixed. 

Thus, when b= 1 it is desirable to have the length of the input and output sections not 
less than CN1]= 0.18 and CNg = 0.54 respectively. A tube with such sections has a gain of 
about 12 db in the saturation mode with b= 1. 

It must be noted that in a real traveling-wave tube the influence of the space-charge forces 
on the drift portion may be appreciable. 
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RADIO SPECTROSCOPE WITH DISK RESONATOR 


T.M. Murina 


Radio spectroscopes with molecular beams, in which the molecules are sorted by states 
[1], have recently assumed an important role with respect to increasing the resolving power 
of spectroscopes. Radio spectroscopic means permit investigation of the hyperfine structure 
of molecules in beams, with a high degree of accuracy. However, the resonators used do not 
make Stark modulation possible, nor do they permit operation in the range from centimeter 
to submillimeter wavelengths. Since the high frequency field in a disk resonator is concen- 
trated inside the resonator, the Stark lines do not become broadened by edge effects. Conse- 
quently, it is possible to measure in such spectroscopes the dipole moments with high degree 
of accuracy. The construction of a disk resonator makes it possible to use several beams 
simultaneously, so that the sensitivity is increased. 

The main task in our investigation was the development of a superheterodyne radio spec- 
troscope of the resonator type with Stark modulation. We propose henceforth to work with 
beams. 

A block diagram of the spectroscope is shown in the figure. We used in the installation 
a disk resonator (2) of the reflex type with a ferrite circulator. The use of such a resonator 
simplifies the tuning of the resonator frequency. The resonator was made of brass, and the 
disk surfaces were lapped but not polished. The Q of such a resonator is on the order of 
2,000 — 3,000. We did not attempt to increase the Q of the resonator, so as to permit ob- 
servation of a relatively broad frequency spectrum in the resonator band. The mode excited 
in such a resonator corresponds to a plane wave, and the electric vector of the microwave 
field is parallel to the planes of the disks. Since an ordinary spectroscope with cavity reso- 
nator has a small volume and high Q, saturation sets in at very low powers. The disk 
resonator has a much greater volume than the ordinary resonator, and consequently satura- 
tion sets in at greater power levels but still lower than in a waveguide cell. When the power 
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becomes necessary to employ superheterodyne reception. 

The heterodyne used in our setup was a klystron operating 27 Mc away from the frequency 
of the signal klystron. The frequency difference between the signal and heterodyne klystrons 
was maintained constant by phase stabilization of the heterodyne klystron against the signal 


Block diagram of spectroscope: 


1 — Signal klystron; 2 — ferrite 
circulator; 3 — wave meter; 4 — 
disk resonator; 5 — Stark modulator; 
6 — heterodyne klystron; 7 — mixer 
head; 8 — phase-stabilization block; 
9. — mixer head; 10 — IF amplifier, 
27 Mc; 11 — low-frequency ampli- 
fier; 75 ke; 12 — sawtooth genera- 
tor; 13 — quartz frequency multi- 
plier; 14 — mixer head; 15 — KV-M 
receiver; 16 — double-beam oscil- 

loscope. 


level is decreased by saturation, the sensitivity of the video spectroscope decreases, and it ; 
| 
: 
' 


klystron. In our system the signal-klystron frequency could be tied in with the harmonic of a 
quartz-controlled generator. This was not done in our experiment, since high stability of the 
signal-klystron frequency was not required. The signal klystron frequency was made to swing 
over several megacycles by a 50-cps sawtooth voltage. A square-wave 75-kce voltage from 
the Stark modulator was applied to the disks, one of which was grounded. 

The absorption-line frequency was measured by means of frequency markers obtained 
from harmonics of a quartz-controlled multiplier and the output signal of the klystron. The 
absorption line and the frequency markers were viewed simultaneously on the screen of a 
double-beam oscilloscope. The operation of the setup was tested at 15,000 Mc and the dipole 
moment of the formaldehyde molecule (CH20O) was measured. Measurement of the dipole 
moment in a Stark spectroscope with a waveguide cell always entails many shortcomings, 
which introduce a large error in the measurement of the dipole moments. The use of a disk 
resonator enables us to measure with great precision the distance between disks, and conse- 
quently the intensity of the electric field, and also to exclude the need for calibrating the cell 
against molecules whose dipole moment is known with great accuracy. Whereas in waveguide 
cells one observes the o-Stark components corresponding to the case of parallel fields, ina 
disk resonator one observes the m-Stark components corresponding to the case of perpen- 
dicular fields. A determination of the dipole moment of formaldehyde was made by measur- 
ing the difference in frequency between the Stark lines and the undisplaced line in the 211 — 219 
transition. The observed structure coincided fully with the calculated one. The dipole mo- 
ment was found to be »Q = 2.34 Debye units. The accuracy of the measurement did not 
exceed 1%, owing to technical factors. This value of the dipole moment coincides with that 
obtained in reference [3]. 
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ELECTRON FOCUSING IN THE CATHODE SYSTEM 
OF PHOTOMULTIPLIERS 
WITH SEMITRANSPARENT CATHODES 


A.G. Berkovskiy and Chia Kao 


Photomultipliers with semitransparent cathodes, deposited on the internal end surface 
of a glass bulb, are used extensively in the investigation of weak scattered light. In the 
simplest and presently most widely used version the electron-optical cathode system of a 
multiplier with end cathodes is made up (Fig. 1) of the cathode surface a, a metallic layer 
(collar) having the same potential as the cathode sputtered on the side surface b of the bulb 
adjacent to the cathode, and a diaphragm c on which the potential accelerating the photo- 
electrons is applied. 


Fig. 1. Cathode electron-optical sys- 
tem of photomultiplier with semi- 
transparent cathodes: a — cathode; 

b — collar; c — diaphragm; d — bulb; 
e — first emitter. 


Such a system focuses the electrons 
emitted from the surface of the cathode into 
the opening of a diaphragm located at the sym- 
metry axis of the system. The area of the 
opening is several times smaller than the area of the cathode. The fact that the field of the 
first stages of the multiplier system sags slightly in the input aperture of the diaphragm in 
the cathode space does not affect the trajectories of the photoelectrons at all, and will there- 
fore be disregarded. 

In spite of the very extensive use of this system, no descriptions of its electron-optical 
properties have been published to date. 

Wendt [1], in a theoretical investigation of the wave form of the pulses in the cathode 
circuit of this system, approximated the electrostatic field by means of the function 


= LR si Si 
) R sinh — 1 (5) 


7? 


where R — radius of collar; A = 2.408; E — field intensity at the center of the cathode; 
r and z — cylindrical coordinates; Jg — Bessel function of zero order. 

The use of Wendt's formula for a study of the focusing properties of the system involves 
very cumbersome computations. 

In the system shown in Fig. 1, according to a communication by Bernhardt [2], the ratio 
of the photoelectron beam diameter in the plane of the diaphragm to the diameter of the cathode 
fluctuates from 1/3 to 1/8. The author unfortunately did not indicate at what ratio of the 
cathode diameters to the cathode-diaphragm distance these data were obtained. In addition, 
it is not clear whether these data were obtained by experiment or by calculation. 

The electron-optical (focusing) properties of the system shown in Fig. 1 are character - 
ized, in our opinion, by the two dimensionless parameters [3] 


D D 
P= ana —— 9 


where D — diameter of the collar; d — diameter of photoelectron beam in the plane of the 
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Fig. 2. Results of simulation of the system of Fig. 1 
in an electrolytic trough 
a—q=1.4; b —q=0.8 


diaphragm (diameter of entrance window of the diaphragm); h — distance between the planes 
of the cathode and the diaphragm. 

In the design of a photomultiplier one usually specifies the diameter of the cathode, which 
is determined by the principal field of application of the new instrument. The diameter of the 
entrance opening of the diaphragm depends on the chosen design of the multiplier system, 
which generally speaking is also determined by the end purpose of the multiplier. This fixes 
the parameter p. The parameter q is obviously uniquely determined by the fixed value of p. 

As already noted, an analytic derivation of the formula p= f(q), even without allowance 
for the initial velocities of the photoelectrons, calls for laborious calculations. It is much 
simpler to construct this function by simulation (in an electrolytic trough) of a system with 
p different values of q, by determining d (and consequently p) 
pene | in each version after constructing the trajectories of the photo- 

electrons emitted from different points of the cathode. 

The model we used was a half-cylinder with one fixed end 
(cathode) and a movable cover (diaphragm). By varying the 
distance between the "cathode" and the "diaphragm" we could 
simulate systems with different values of p. The electrodes 
were made of stainless sheet steel. The internal diameter of 
the cylindrical surface was 20 cm. The diameter of the work- 
ing surface of the cathode was usually somewhat smaller than 
the diameter D of the collar. We chosea ratio De = 0.8 D, 
which is frequently encountered in practice. 

Two modulated versions of the system under consideration 
are shown in Fig. 2. Taking into account the symmetry of the 
system, it is sufficient to carry out the construction on only one 
side of the axis. Only the extreme trajectory was usually plotted 
in the second half of the field. The mirror symmetry of the ex- 
treme trajectories served as a criterion of the accuracy of the 


08 10 12 14 69 duplication of the potential relief and the correctness of the 
trajectories. 
Fig. 3. Curves showing The function p= f(q) were plotted for two cases (Fig. 3): 
focusing of electrons in the Curve 1 — the photoelectrons are emitted with zero initial 
electron-optical cathode velocities, vg = 0; Curve 2 — vg = 0.4 v; the voltage between 
system of Fig. 1. the cathode and the diaphragm was 200 volts; the electrom 


emission angle was 45°. 

The trajectories were plotted in the near-cathode region by the radius-of-curvature meth- 
od, while the sine law was used in the central and end regions. 

Curve 1 is of interest only in the case of very large field intensities near the cathode, 
something rarely encountered in practice. The curve has a maximum corresponding to the 
best focusing of the electrons at dopt = 9.9 —1.0(D ~h). Ifq> dopt (d < h), then the cross 
section of the electron beam with minimum crossover lies beyond the plane of the diaphragm. 
In the case when q < dopt the crossover is located above the diaphragm. Taking into account 
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the fact that the first emitter on which the photoelectrons must be focused is located some 
distance behind the diaphragm, one must choose qactya] Somewhat greater than dopt* The 
best relation between these two quantities can be determined only for a specific design of the 
multiplier system. 

Curve 1 can be approximated with good accuracy by the empirical formula 


= 1 + 1902 (¢ — 0,7)1:96 67.35(q—0,7) 


The calculated curve is shown dotted in Fig. 3. 
‘ Curve 2 is closer to the real operating conditions of the photomultiplier. For this curve 
Gopt ~ 1.1. When q <1 the field intensity at the emitting surface is som small that the elec- 
trons emitted from the edges of the cathode at an angle of 45° strike the collar, i.e., the 
working diameter of the cathode is smaller than the chosen value. 

A comparison of curves 1 and 2 shows that the proper initial velocities which we chose 


increase the diameter of the photoelectron beam in the plane of the diaphragm by about two 
times. 
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SPECTROSCOPIC DETERMINATION 
OF THE DEIONIZATION RATE 
OF CESIUM VAPOR IN A MAGNETIC FIELD 


Yu. M. Aleskovskiy and V. L. Granovskiy 


It was established earlier that a homogeneous longitudinal magnetic field slows down the 
rate of diffusion decay of a low-pressure plasma. It was also found [5] that in the deioniza- 
tion of rarefied helium some of the charges are neutralized by volume processes. No direct 
observation was made of the volume recombination in a plasma decaying in a magnetic field. 

In the present paper we aim to determine directly the effect of the magnetic field on the 
recombination loss of charged particles in the volume of a decaying plasma. For this purpose 
we measured the recombinatjon radiation of a cesium plasma in the region of an end-point 
continuum with a limit 4940 A, corresponding to the capture of electrons by the cesium ions 
at the level Cs6P 1/2 [6]. The intensity of the recombination radiation of the plasma (I) in 
an electrically positive gas enables us to judge the concentration of the electrons and ions (n) 
in the plasma, inasmuch as I~n2. On the other hand, I indicates how many electrons and 
ions vanish as a result of radiation combination, since I ~ (dn/dt)R. Oscillograms of I 
obtained in a decaying plasma enable us to judge the rate of deionization of the gas. It must 
be kept in mind here that if n ~ exp (-t/T) then I~ exp (2t/7), where T is the deionization 
time constant. Consequently, the reduction in the concentration of the charged particles is 
twice as slow as the decrease in intensity of the recombination glow. 

The cesium plasma was produced by an arc discharge in a tube 2.5 cm in diameter and 
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40 cm long, fed with half-wave current at line frequency. A thyratron connected in parallel 
with the tube was ignited at the phase corresponding to the maximum current, and the dis- 
charge in the tube was terminated (for a description of this method of obtaining a decaying 
plasma see, for example, reference [7]). The tube was situated in a solenoid producing a E 
homogeneous magnetic field of intensity up to1300o0ersteds. The plasma radiation was focused 
on the entrance slit of a monochromator, and a photomultiplier was placed at the monochro- 
mator exit. The signal of the photomultiplier was recorded with an oscillograph; the slaved 
sweep of the oscillograph was synchronized with the instant of termination of the discharge in 
the tube, and consequently, with the start of the deionization of the gas. 

Application of a magnetic field on the plasma greatly increases the intensity of the re- 
combination radiation, owing to the increase in concentration of charged particles in the dis- 
charge [8]. In order for the decay of the plasma to begin at equal concentration of the charge 
particles, the initial intensity of radiation was equalized for H=0 with the intensity for 
H #0 by varying the discharge current. ‘ 
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Fig. 1. Intensity of recombination radiation as a function of the 
time at p=5 p Hg: 
1—H=0; 2 — H= 1300 oersteds 


Fig. 2. Intensity of recombination radiation as a function of the 
time for p=15 p Hg: 
1—H=0; 2 —H = 1300 oersteds 


Figures 1 and 2 show the variation of the intensity I of the recombination radiation dur- 
ing the ionization of the cesium vapor. The magnetic field greatly slows down the decay of 
the plasma, and, as expected, the influence of the magnetic field decreases with increasing 
pressure. Table 1 shows the values of the time 7 necessary to reduce the concentration of 
pee particles by a factor e, calculated from the deionization curves, for H = 1300 
oersted. 

Inasmuch as I ~ (dn/dt)R, the total number of particles which recombine in this manner 


t2 
within atime At=t9-t1, NR=k H Idt. The value of kNp can be determined, accurate to 
1 


a constant factor, by measuring the area under the curve plotted in I-t coordinates (Figs. 1 
and 2). Table 2 lists the ratios NR(H)/Np(0) of the number of particles that disappear as a 
result of radiation recombination at H= 1300 oersted and H=0. It is seen from Table 2 
that at low pressures the magnetic field increases noticeably the fraction of charged particles 
which recombine with radiation in the volume of the gas. 


Table: wk Table 2 

Ps HL = (0), =i( HL), = (EH) =(0) ve (A)/N p(0) 

Hg H sec H sec | P,P. | ————_— 

Hg | At = 0 — 250 
7 48 160 gus Hisee 

10 62 180 2.9 es | 

15 94 270 92 S8 / De, 
25 108 70) 3.5 10 1.9 
50 168 | 280 Gi 15 1.6 
25 ie) 
50 1 ea | 
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Thus, it is shown by direct spectroscopic observations that the magnetic field increases 
the average lifetime of the charged particles and slows down the diffusion decay of the plas- 
ma, contributing thereby to the recombination charge losses in the volume of the gas. 
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